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1. Introduction 

1.1. Our starting point is the Gaudin model associated to a simple finite-dimensional 
Lie algebra g. Let us introduce some notation. For any integral dominant weight A, 
denote by Vx the irreducible finite-dimensional representation of g of highest weight A. 
Let zi, . . . ,zm be a set of distinct complex numbers and Ai, . . . , Aat a set of dominant 
integral weights of g. Set 

Let { Ja}, a = 1, . . . , d, be a basis of g and {J"} the dual basis with respect to a non- 
degenerate invariant bilinear form on g. 

The Gaudin hamiltonians are linear operators on V(^x-y. 

ja(j) 
a=l ■' 

They commute with the diagonal action of g on V(Ai) ^^(^ hence their action is well- 
defined on the subspace of highest weight vectors in V(^Xi) of an arbitrary dominant 
integral weight fj, with respect to the diagonal g-action. We may decompose V^^Xi) with 
respect to the diagonal action of g as 



^(A,)=0^M«5Hom0(y„y(,^)). 



Then the space of highest weight vectors of weight /x is identified with Homg(y^, V(Ai))) 
or, equivalently, with 

if we write fi = —wo{Xoo), where wq is the longest element of the Weyl group of g. 

Consider the problem of simultaneous diagonalization of the Gaudin hamiltonians in 
V(Aj) (or equivalently, in all spaces V^^,^ ^^). Set 

\0) =Vx,^...^Vx^ G V^x^y 
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It is an eigenvector of the Hj's. Other eigenvectors are constructed by a procedure 
known as the Bethe Ansatz. We explain it for g = 5l2- Let {e,/i, /} be the standard 
basis of sl2 and set 

W- Zi 

1=1 

Define the Bethe vector 

\wi,...,Wm) = f{wi)f{w2) ■■■ f{Wrn)\0). 

It is easy to show that it is an eigenvector of the Gaudin hamiltonians if and only if 
the following equations are satisfied: 

V V = 0, j = l,...,m. 

^ Wj - Zi ^ Wj - Ws 

These are the Bethe Ansatz equations for g = 5l2- 

One can write analogous systems of equations for a general simple Lie algebra (or, 
more generally, a Kac-Moody algebra) g. They are equations on the set of points 
. . . , Wm colored by simple roots of g, which we denote by 

(1.2 > ^=0, j = l,...,m. 

1=1 ■' sjtj ■' 

If they are satisfied, then one can construct the corresponding Bethe vector (see 
formula H4.2() ) which is an eigenvector of the Gaudin hamiltonians (see |BaFll IFl'Rl 
IRV) ) . This is a highest weight vector of weight 

N m 
i=l 3=1 



SO it can only be non-zero if 



m 



(1.3) ^Ai-^ai^. 

i=i j=i 

where /i is a dominant integral weight which we write again as = — wo(^oo)- Then 
it belongs to V^^ -j ^ , considered as the subspace of highest weight vectors of weight 

-wo{Xqo) in V(A,). 

For g = 5I2 it has been proved by I. Scherbak and A. Varchenko |S V| that for generic 
Zj's the Bethe vectors form an eigenbasis in the space of highest weight vectors in Vr^A 
(some important results in this direction have been obtained earlier by E. Sklyanin [Skj 
using the so-called functional Bethe Ansatz). 
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1.2. In |FFR,j ■ B. Feigin, N. Reshetikhin and myself have given an interpretation of the 
Bethe Ansatz procedure using the spaces of conformal blocks for representations of the 
affine Kac-Moody algebra q associated to q. We showed that the Gaudin hamiltonians 
naturally arise from central elements of the completed universal enveloping algebra of g 
at the critical level. This center has been identified by Feigin and myself (see [ FF3l lF2] ) 
with the algebra of functions on the space of ^G~opers on the punctured disc. Here 
is the group (of adjoint type) which is Langlands dual to the (simply-connected) 
Lie group of G. Recall that passing from G to ^G means switching the sets of weights 
and coweights, roots and coroots of G (with respect to a maximal torus), and at the 
level of Lie algebras it corresponds to taking the transpose of the Cartan matrix. 

An ^G-oper on a smooth curve (or the formal disc) X are triples {3^, V, S^l^), where 
9" is a ^G-bundle on X equipped with a connection V and a reduction J'l^ to a 
Borel subgroup of ^G. In more concrete terms, opers may be described as gauge 
equivalence classes of first order differential operators of a certain form. They were 
defined in this way first by V. Drinfeld and V. Sokolov in their study |DSj of generalized 
KdV hierarchies, and later this definition was made more geometric and coordinate- 
independent by A. Beilinson and V. Drinfeld |BD2j . 

For example, in the case when g = s[„ an oper on a smooth affine curve (or on the 
disc) is an equivalence class of operators of the form 

/ * * * • • • * \ 



dt + 



-1 







-1 



\ ••• -I * J 

with respect to the gauge action of the group of the upper triangular matrices with 
I's on the diagonal. It is easy to see that each gauge class contains a unique operator 
of the form 

/ Vi V2 ■■■ Vn-l \ 

-10 ••• 
5^+ -1 ••• 

y ••• -1 / 

But giving such an operator is the same as giving a scalar nth order differential operator 



(1.4) L = d'^ + vi{t)dr' + ■■■ + Vn-l{t) 

(taking into account its transformation properties under changes of variables, we obtain 
that it must act from to ri^"'^-'^)/-^). So the space of PGL„~opers is the space 

of operators of the form H1.4|) . which is incidentally the phase space of the nth KdV 
hierarchy introduced by Adler and Gelfand-Dickey when X is the disc. 

The interpretation of the Gaudin model in terms of the affine Kac-Moody algebra 
of critical level allows us to construct a large commutative algebra of hamiltonians 
acting on V^^ -j , which includes the Gaudin hamiltonians (jLlj) . and to view their 
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eigenvalues as '^G-opers. The first main result of this paper (see Theorem 14 .71) is 
a precise statement as to what kind of opers may appear as the eigenvalues of the 
generalized Gaudin hamiltonians (in the case when g = 5(2 this was proved in my 
paper |Flj). 

Theorem 1. There is an injective map from the spectrum of the generalized Gaudin 
hamiltonians acting on Vff ^ , to the set of ^G-opers on¥^ with regular singularities at 
zi, . . . , zn, 00 that have residues Ai, . . . , Ajv, Aqo o,nd trivial monodromy representation. 

Thus, eigenvalues of the generalized Gaudin hamiltonians are encoded by ^G-opers 
on with prescribed singularities and trivial monodromy. We remark that if we 
remove the "no monodromy" condition, then we obtain a description of the ■^G-opers 
corresponding to the eigenvalues of the generalized Gaudin hamiltonians acting on the 
tensor product of the Verma modules Mx-^ (g) . . . (g) Mxj^ (this description in fact holds 
for arbitrary weights Ai, . . . , Aat). 

Though this subject is beyond the scope of this paper, it is worth noting here that 
the correspondence between the eigenvectors of the generalized Gaudin hamiltonians 
and ^G-opers on is an example of the geometric Langlands correspondence. This 
is a correspondence between ■^G-local systems on a smooth projective curve X over 
C (possibly, with ramifications at marked points) and certain sheaves (D-modules) 
on the moduli spaces of G-bundles on X (possibly, with additional structures at the 
marked points). In the case at hand, X = P^ and the local system is represented by 
a ^G-oper on P^. The corresponding D-module on the moduli space of G~bundles on 
P-^ with parabolic structures at zi, . . . , z^v and 00 is represented by the Gaudin system, 
according to a general construction of Beilinson and Drinfeld jBDlj (see |Flj for more 
details on this connection). 

1.3. Recall that only special solutions of the Bethe Ansatz equations (|1.2j) may give 
rise to non-zero eigenvectors of the generalized Gaudin hamiltonians, namely, the ones 
which satisfy the condition The corresponding eigenvalues are then encoded by 

a ■^G-oper on P^. 

Now we want to describe all solutions of the Bethe Ansatz equations in geometric 
terms. It turns out that general solutions are parameterized by Miura opers. 

While a ^G-oper is a triple (3", V, Jlb), a Miura ^G -oper is by definition a quadruple 
(3", V, 9"^,^) where is another -^S-r eduction of S^, which is preserved by V. 
The space of Miura opers on a curve X (or on the disc) whose underlying oper has a 
regular singularities and trivial monodromy representation (so that J" is isomorphic to 
the trivial bundle) is isomorphic to the flag manifold ^G/^B of ^G. Indeed, in order 
to define the ^i?-reduction 9"^^ of such 5" everywhere, it is sufficient to define it at 
one point x ^ X and then use the connection to "spread" it around. But choosing a 
^S-reduction at one point means choosing an element of the twist of ^G/^B by 3^x^ 
and so we see that the space of all reductions is isomorphic to the fiag manifold of ^G. 

The fiag manifold is the union of Schubert cells which are the ^i?-orbits. They are 
parameterized by the Weyl group W oi q. The cell attached to 1 e is open and 
dense. It corresponds to those reductions 9"^^ which are in generic position with S^Lg. 
Then there are cells of codimension one labeled by the simple refiections Sj, etc. 
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Suppose now that we are given a Miura oper corresponding to a ■^G-oper on 
with regular singularities at zi, . . . , zn, oo. Let = ^B/[^B, ^B] and ^i) be its Lie 
algebra. We construct an ^iJ-bundle on equipped with a connection with regular 
singularities, i.e., an operator of the form dt + u{t), where u(t) is an ^[)-valued function 
which has poles of order at most one. Namely, we intersect 3"l^ with S^'l^wq - this 
will be an ^ff-bundle, and it inherits a connection from This map gives us a 

bijection between Miura ^G-opers and ^i7~connections. The corresponding map from 
^-ff-connections to ^G-opers is called the Miura transformation. 

For example, for g = sin we have u{t) = {ui(t), . . . ,M„(t)), and the Miura transfor- 
mation is given by the formula 

L= {dt+Ui{t))...{dt + Unit)), 

where L is the operator H1.4() . Hence for g = 5(2 we have 

d!-v{t) = {dt-u{t)){dt + u{t)), 

i.e., 

v{t) = u{tf - u(t) 

(note that this is the Poisson map intertwining the KdV and mKdV hierarchies of 
soliton equations discovered by R. Miura). 

The reductions and -^'l^ are going to be in generic position everywhere on 
except at finitely many points (see Lemma 12.61 below). Denote these points by 
wi, . . . ,Wm S P^. At these points the ^i7-connection will develop a regular singular- 
ity. For a generic Miura oper the relative positions at wj's will correspond to sim- 
ple reflections from W. An explicit computation then shows that the corresponding 
^If-connection will have regular singularity with residue ctj^. . In addition, our ^H- 
connection will have regular singularity at Zj with residue — Aj. So the connection will 
look like this: 

N . m 

But the ^G -oper underlying our /^-connection has singularities only at the points 
zi,...,Z]y and no singularity at wi,...,Wm- Therefore these singularities must be 
somehow erased by the Miura transformation. 

We have shown in |FFRj that the oper obtained by applying the Miura transforma- 
tion to (jl.Sj) has no singularity if and only if the Bethe Ansatz equations are satisfied. 
So we obtain an interpretation of the Bethe Ansatz equations as the conditions that 
the singularities of our ^ff-connection at wi, . . . , Wm be erased by the Miura transfor- 
mation. 

Our connection also has a regular singularity at 00, which is determined by the 
relative position of 3"l^ and J"^^ at 00. If the relative position is y € W, then the 
residue is — y(— tL'o(Aoo) + p) + P- The transformation properties of the connection 
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determine the residue at oo, so we obtain the "charge conservation law" 

N m 

(1-6) ^>^i-^aij =y{-wo{Xoo) + p) - P- 

i=i j=i 

This leads to the following statement (implicit already in fFlJ), which is the second 
main result of this paper (see Corollary 13.3(1 : 

Theorem 2. The set of those solutions of the Bethe Ansatz equations which correspond 
to a fixed ^G-oper is in bijection with an open and dense subset of the flag manifold 
^G/^B. 

Further, every solution must satisfy the equation for some y £ W , and the 

solutions which satisfy this equation with fixed y (z W are in bijection with an open 
subset of the Schubert cell ^Bwoywo^B C ^G/^B. 

In particular, a solution for which we have y = 1 corresponds to the one-point 
Schubert cell in the flag manifold. If this point is contained in the open dense subset of 
the flag manifold from Theorem 2, then this solution gives rise to a Bethe eigenvector. 
It was shown in |FFE,j that the eigenvalues of the Gaudin hamiltonians on this vector 
are encoded precisely by the ^G-oper obtained by applying the Miura transformation 
to the ^//-connection H1.5() . This follows immediately from the construction of the 
Bethe eigenvectors using conformal blocks of Wakimoto modules presented in |FFRj . 

1.4. Let us summarize the results: the eigenvalues of the hamiltonians of the Gaudin 
model associated to a simple Lie algebra g are encoded by ■^G-opers on P^, where ^G 
is the Langlands dual group of G, which have regular singularities at the marked points 
and trivial monodromy. We attach to each solution of the Bethe Ansatz equations (|1.2(1 
an ^iif-connection on with regular singularities. There is a special map from ^H- 
connections to ^G-opers which is called the Miura transformation. The Bethe Ansatz 
equations naturally arise as the conditions that the Miura transformation erases the 
singularities of the corresponding //-connection. The set of all solutions of the Bethe 
Ansatz equations (|1.2() is the union of certain open dense subsets of the flag manifold 
of the Langlands dual group, one for each oper of the above type. If the open subset 
corresponding to an oper r contains the one-point Schubert cell, then the corresponding 
solution gives rise to a Bethe eigenvector of the Gaudin hamiltonians whose eigenvalues 
are encoded by r. 

One can easily write down the Bethe Ansatz equations for an arbitrary Kac-Moody 
algebra g, and it is natural to ask whether the set of solutions is again the union of 
open dense subsets of the flag manifold associated to the Langlands dual group. We 
show that this is indeed the case. The subtle point is which flag manifold appears 
here, because for infinite-dimensional Kac-Moody algebras there are non-isomorphic 
flag manifolds: the "thick" flag variety, which is a proalgebraic variety, and the "thin" 
one, which is an ind-scheme. It turns out that the relevant flag variety is the thin one, 
^G/^B-. Here ^G is an ind-group corresponding to the Lie algebra whose Cartan 
matrix is the transpose of the Cartan matrix of g, and ^/?_ is the Borel subgroup of 
^G that is a proalgebraic group (see, e.g., |Kuj . Ch. VII, for the precise definition). 
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To establish the connection between solutions of the Bethe Ansatz equations and 
points of the ind-flag variety, we proceed in the same way as in the finite-dimensional 
case. First, we introduce suitable notions of opers and Miura opers for Kac-Moody 
algebras. (Note that in the case when q is an untwisted affine Kac-Moody algebra, 
the notions of opers and Miura opers have been introduced earlier by D. Ben-Zvi and 
myself [BeFrj : however, those notions are different from the ones we introduce here, 
see Remark 15.11 ) Using them, we show that the set of solutions of the Bethe Ansatz 
equations is an open and dense subset in the set of Miura opers on the projective 
line with prescribed residues at marked points. We then show that, as in the finite- 
dimensional case, this set is in bijection with a disjoint union of the sets of points 
of certain open dense subsets of the ind-flag variety ^G/^B-. Thus, we generalize 
Theorem 2 to the case of an arbitrary Kac-Moody algebra (see Theorem 15. 7() . 

In the case of a symmetrizable Kac-Moody algebra g it is also easy to write down 
analogues of the Gaudin hamiltonians acting on the tensor product of integrable rep- 
resentations of 0. Then to any solution of the Bethe Ansatz equations one associates 
a Bethe eigenvector of these hamiltonians in the same way as in the finite-dimensional 
case. But the connection between the eigenvalues of the Gaudin hamiltonians on these 
vectors and opers on the projective line is not obvious in the infinite-dimensional case. 
Recall that in the finite-dimensional case it was based on the concept of conformal 
blocks for modules over the affinization of q at the critical level. It is not immediately 
clear what should be the analogue of this Lie algebra when q is an infinite-dimensional 
Kac-Moody algebra. This as a very interesting open problem, which in fact served as 
one of our motivations. The fact that our results on the solutions of the Bethe Ansatz 
equations apply to general Kac-Moody algebras indicates that this question may have 
a good answer. We hope to return to it in a future publication. 

1.5. As a corollary of the above description of the solutions of the Bethe Ansatz 
equations we obtain a (rational) action of the group on the set of solutions of the 
Bethe Ansatz equations. It is easy to write down explicitly the action of the one- 
parameter subgroups corresponding to the generators Ci of the nilpotent Lie algebra 
^n. Taking the closure of an orbit of such a subgroup, we obtain for each simple root 
a procedure for producing a projective line (minus finitely many points) worth of new 
solutions of the Bethe Ansatz equations from a given one (these projective lines are 
precisely the ones appearing in the Bott-Samelson resolutions of the closures of the 
Schubert cells). 

These procedures were introduced independently and in a different way by E. Mukhin 
and A. Varchenko |MVj . They defined what they called a "population" of solutions 
of the Bethe Ansatz equations as the closure of the set of all solutions obtained from 
a given one by iterating these procedures. In the case when g is of types An,Bn or 
Cn they proved (by a method different from ours) that a population of solutions is 
isomorphic to the flag manifold of (for g = 5I2 this had been proved earlier by 
Scherbak and Varchenko |SVj , and for Q = G2 this was subsequently proved by Borisov 
and Mukhin |BMj ). In Section EH] it is shown that the reproduction procedures of jiMVj 
are equivalent to the action of one-parameter subgroups of ^A^ on Miura opers. 
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1.6. Plan of the paper. The paper is organized as follows. We start in Section |21 by 
defining opers and Miura opers following [RD2] and [F2j. We describe opers with regular 
singularities, explain the connection between Miura opers and Cartan connections and 
establish the correspondence between relative positions of Borel reductions in a Miura 
oper and residues of the corresponding Cartan connection (this last result is borrowed 
from a forthcoming joint work with D. Gaitsgory |F(t| ). Next, we explain in Section |21 
the connection between solutions of Bethe Ansatz equations and non-degenerate Miura 
G-opers on with prescribed singularities at marked points. Here, in order to simplify 
our notation, we consider the Bethe Ansatz equations which correspond to the Gaudin 
model of ^q. Then the solutions of these equations correspond to Miura G-opers, 
rather than ^G-opers (as discussed in this Introduction) and hence to points of the 
flag manifold of G rather than ^G. Our main result is that the set of solutions of 
the Bethe Ansatz equations is isomorphic to a union of open dense subsets of the flag 
manifold G/B (one for each G-oper on with prescribed singularities). 

Section |1] is devoted to the Gaudin model. We recall how the Bethe Ansatz equations 
arise naturally in the problem of diagonalization of the Gaudin hamiltonians. We 
explain the construction of the generalized Gaudin hamiltonians as central elements of 
the vertex algebra corresponding to g acting on a suitable space of coinvariants on P^. 
We then show that the eigenvalues of the generalized Gaudin hamiltonians are encoded 
by ^G-opers on P^ with fixed singularities and trivial monodromy representation. We 
discuss an application of this result to the problem of completeness of Bethe Ansatz. 
Finally, in Section El we generalize our results on solutions of the Bethe Ansatz equations 
to the case of an arbitrary Kac-Moody algebra. We introduce suitable notions of opers 
and Miura opers and exhibit the connection between the solutions of the Bethe Ansatz 
equations and Miura opers on P^, much like in the finite-dimensional case. 

1.7. Acknowledgments. It is a great pleasure to dedicate this paper, with gratitude 
and admiration, to Boris Feigin, my teacher, friend and collaborator of many years. 
Especially so, since the results of this paper are based on or motivated by the results 
of our previous joint works. 

I thank E. Mukhin and A. Varchenko for stimulating discussions, which encouraged 
me to revisit my earlier work concerning the Bethe Ansatz equations and led me to 
consider these equations when the underlying Lie algebra is infinite-dimensional. 

I also thank D. Gaitsgory and I. Scherbak for valuable discussions and the referee 
for useful comments. 

2. Opers and Miura opers 

In this section we first recall the notions of opers and Miura opers (see |DS[IBDTllF2j ). 
We will then discuss the spaces of opers and Miura opers with singularities. 

2.1. Opers. Let G be a simple algebraic group of adjoint type, B a Borel subgroup and 
N = [B, B] its unipotent radical, with the corresponding Lie algebras n C b C g. There 
is an open i?-orbit O C [n, n]"'"/b C g/b, consisting of vectors which are stabilized by 
the radical N C B, and such that all of their negative simple root components, with 
respect to the adjoint action of H = B/N, are non-zero. This orbit may also be 
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described as the S-orbit of the sum of the projections of simple root generators of 
any nilpotent subalgebra n_, which is in generic position with b, onto g/b. The torus 
H = B/N acts simply transitively on O, so O is an i?-torsor. 

We will often choose a splitting H ^ B of the homomorphism B ^ H and the 
corresponding splitting ^ b at the level of Lie algebras. Then we will have a Cartan 
decomposition g = n_ © f) © n. We will choose generators {ei},i = !,...,£, of n and 
generators {fi},i = 1, . . . of n_ corresponding to simple roots, and denote by p € f) 
the sum of the fundamental coweights of g. Then we will have the following relations: 
[p,ei] = 1, [pji] = -1. 

Suppose we are given a principal G-bundle 3' on X, which is a smooth curve, or a 
disc D ~ SpecC[[t]], or a punctured disc ~ SpecC((i)), together with a connection 
V (automatically flat) and a reduction 3^b to the Borel subgroup B of G. Then we 
define the relative position of V and 3'b (i-e., the failure of V to preserve 3^b) as 
follows. Locally, choose any flat connection V' on 3' preserving and take the 
difference V — V. It is easy to show that the resulting local sections of (0/b)grg 0, 
where is the canonical line bundle of X, are independent of V, and define a global 
(g/b) -valued one- form on X, denoted by V /3'b- 

Let X be as above. A G-oper on X is by definition a triple (9", V,3"b), where 3 is 
a principal G-bundle on X, V is a connection on 3 and 3b is a i? -reduction of 3", 
such that the one-form V/3b takes values in Ogr^ C (g/b)^-^. 

This definition is due to A. Beilinson and V. Drinfeld |BD1| (in the case when X is 
the punctured disc opers were first introduced in jPSp . Note that O is -invariant, 
so that O (8 J7 is a well-defined subset of (g/b)^-^ fi. 

Equivalently, the above condition may be reformulated as follows. Let U be an 
open subset of a smooth curve X (in the analytic or Zariski topology) which admits a 
coordinate t : U ^ (analytic or etale, respectively) and a trivialization of 3b, then 
with respect to this coordinate and this trivialization the connection will have the form 

e 

(2.1) ^ = dt + Y,Mt)fi + ^{t), 

1=1 

where each ^|Ji{t) is a nowhere vanishing function, and v(t) is a b-valued function. If we 
change the trivialization of 3b, then this operator will get transformed by the corre- 
sponding gauge transformation from the group B{R), where R is the ring of functions 
(analytic or algebraic, respectively) on U. This observation allows us to describe opers 
on U in more concrete terms. 

Namely, we obtain from the above description that the space Opq{U) of G-opers 
on U is the quotient of the space of all operators of the form (|2.1j) . where ipi{t) € R 
is nowhere vanishing, and v(i) G b{R), by the action of the group B{R) by gauge 
transformations: 

g-{dt + A{t)) = dt + gA{t)g-^ - dtg ■ g-\ 

The same description applies \i U = D ot: U = , with t being the topological 
generator of R, which is equal to C[[t]] or C((i)), respectively. 
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Since the i?-orbit O is an //-torsor, we can use the //-action to make all functions 
ipi{t) equal to 1 (or any other non-zero constant). Thus, we obtain that Opg(C/) is 
equal to the quotient of the space Opq{U) of operators of the form 

e 

(2.2) v = at + J^/, + v(t), v(t)eb(i?), 

1=1 

by the action of the group N{R). 

The operator ad/5 defines the principal gradation on b, with respect to which we 
have a direct sum decomposition b = 0j>o bj. Set 

I 

P-i = ^fi- 

1=1 

Let pi be the unique element of degree 1 in n, such that {p_i,2p,pi} is an s[2~triple. 
Let V^an = ®ie-BV^an,i be the space of adpi-invariants in n. Then pi spans V^an,i- 
Choose a linear generator pj of Kan.dj (if the multiplicity of dj is greater than one, 

which happens only in the case g = D^2n i ~ then we choose linearly independent 
vectors in Vca.n,dj)- 

Lemma 2.1 f lDSj ^. The gauge action of N{R) on Op(j(Speci?) is free, and each gauge 
equivalence class contains a unique operator of the form V = dt + P-i + v(i), where 
v{t) G V^an(^); so that we can write 

I 

v(i) = ^'Vj{t) - Pj. 
i=i 

Proof. The operator adp_i acts from bj+i to b, injectively for all i > and we have 
bi = bj+i] © Vcaii.i- In particular, Vq = 0. We claim that each element of dt + 
p_i + v(t) G OpQ(Speci?) can be uniquely represented in the form 

(2.3) dt + p_i + v(t) = exp (ad M) ■ {dt + P-i + c{t)) , 

where M G n ® and c{t) G V^an <8 R- To see that, we decompose with respect 
to the principal gradation: M = ^j^gMj, v(t) = J2j>o^ji^)^ ^i^) = J2jeE^ji^)- 
Equating the homogeneous components of degree j on both sides of (|2..S|) . we obtain 
that Cj + [Mj_|_i,p_i] is expressed in terms of Vj, Cj, j < i, and Mj,j < i. The injectivity 
of adp_i then allows us to determine uniquely Cj and Mj+i. Hence M and c satisfying 
equation (|2.3j) may be found uniquely by induction, and the lemma follows. □ 

If we choose another coordinate s such that t = (p{s), then the operator (|2.2j) will 
become 

£ 

V = ^s + ^'{s)Y,f^ + v'{s)■^r{^{s)). 

i=l 

In order to bring it back to the form (|2.2I) we need to apply the gauge transformation 
by p{(p'{s)), where we choose a splitting H ^ B of the homomorphism B ^ H and 
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view p as a homomorphism ^ H. We have 

p{y^'{s)) . (^ds + v'{s) ^ /, + ^'{s) ■ v(^(.)) j 

(2.4) = a, + ^ /, + ip'{s)p{ip'{s)) ■ v{^{.s)) . p{v'{s)r' -P-^- 

This formula allows us to glue together opers defined on various open subsets of a 
general curve X and thus describe the space Opq{X) in terms of first order differential 
operators. It also allows us to describe the space of opers on the disc = SpecO^;, 
where is the completion of the local ring of f/ at x, or on the punctured disc 
= SpecIKa;, where JCx is the field of fractions of O^;. 
In particular, we obtain the following result. Consider the iif -bundle 0,^ on D. It is 
uniquely determined by the following property: for any character A : iif — > C^, the line 
bundle x A associated to the corresponding one-dimensional representation of H is 

H 



Lemma 2.2 ([F2l, Lemma 10.1). The H -bundle "Jh = S^b x H = 3'b/N is isomorphic 
to QP. 

Moreover, it is easy to find transformation formulas for the canonical representatives 
of opers. Indeed, by Lemma |2. 11 there exists a unique operator ds + p~i + v(s) with 
v(s) G VcaniR) and g e B{R), such that 

(2.5) ds+p-i + v{s)=g - (^ds + ip'{s)J2fi + ip'{s)-^^{p{s))^ . 

It is straightforward to find that (see [F2j) 



Q^-Pi)p(v''), 



g = exp 

(2.6) v,{s) = vi{^{s)){pf-^W,s}, 

Vj{s) = Vj{ip{s)) {p>Y'^^ , J > 1, 

where 

If'" 3 /if' 



is the Schwarzian derivative. 

The above formulas describe the transition functions of the bundle 3'b and hence of 
3". Namely, they are equal to 



where (p{s) is the change of coordinate function. Thus, we find that the bundles J' and 
3'b are the same for all opers. 
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These formulas also imply that under changes of variables, vi transforms as a pro- 
jective connection, and Vj,j > 1, transforms as a {dj + l)-differential on U. Thus, we 
obtain an isomorphism 

i 

(2.7) OpaiX) ^ :Proj{X) X ^T{X,n^(^^+'^), 

i=2 

where 'J'roj{X) is the T(X, r2®^)-torsor of projective connections on X (see, e.g., |FBj . 
Sect. 8.2). 

2.2. Opers for classical Lie groups. For Lie groups of classical types opers may be 
described in terms of scalar differential operators. Consider first the case of g = sin- 
Then the space of opers on U = Spec R is the quotient of the space of operators of the 
form 

/ * * * • • • * \ 
-1 * * • • • * 
—1 * • • • * 



(2. 



dt + 



\ ••• -I * J 

where the stars stand for elements of R, by the gauge action of the group N{R) of 
upper triangular matrices over R with I's on the diagonal. It is easy to see that each 
gauge orbit contains a unique operator of the form 

/ vi V2 ■■■ Vn-l \ 



(2.9) 



dt + 



-1 

















\ ••• -1 / 

But giving such an operator is the same as giving a scalar nth order differential 
operator 



(2.10) 



L = d^ + Viit)dr^ + ...+Vn-lit). 



Thus, we obtain representatives of the gauge equivalence classes that is different from 
those described by Lemma 12.11 If we look at how these operators transform under 
changes of variables, we find that they transform as operators acting from the — (n — 
l)/2-densities, i.e., section of the — (n — l)/2th power of J7, to the (n + l)/2-densities. 
This completely describes the transformation formulas of the fj(t)'s. Note that if n 
is even, we need to choose a square root of Q, but the resulting space of differential 
operators will not depend on this choice. For example, if n = 2, we obtain the space of 
projective connections, i.e., operators of the form 9| + v{t) acting from fi"^/^ to fi^/^. 
Under changes of coordinates v{t) transforms according to formula (|2.6j) . 

For the classical Lie algebra sp2n and 02n+i opers may also be realized as scalar 
differential operators, as explained by Drinfeld and Sokolov |DSj . Sect. 8 (see also 
[BD2], Sect. 2). Observe that using the residue pairing we can identify the dual space 
of the space of sections of the line bundle on the punctured disc with that of 
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j^i-m^ Then the adjoint of a differential operator from O*" to acts from 0^^'^ to 
j^i-m^ Now the space Opgp^^(D^) (resp., Op^g^^^^{D^)) is realized as the space of 

self-adjoint differential operators L : of order 2n (resp., anti-self 

adjoint operators L : Jl"" — > ri""*"^ of order 2n + 1) with the principal symbol 1. 

In the case of g = 502n opers may be realized as scalar pseudo-differential operators 
(see |DS1|BD2]). 

2.3. Opers with regular singularities. Let x be a point of a smooth curve X and 
Dx = Spec Ox, = SpecXx, where 0^^ is the completion of the local ring of x and %x 
is the field of fractions of 0^;. Choose a formal coordinate t at x, so that 0^ ~ 
and %x = C((t)). Recall that the space Oy>g{I^x) (resp., Op(^(-D^)) of G-opers on Dx 
(resp., Dx) is the quotient of the space of operators of the form (|2.1I) where '4^i{t) and 
v(t) take values in 0^, (resp., in %x) by the action of B(Qx) (resp., B{%x)). 

A G-oper on Dx with regular singularity at x is by definition (see |BDlj . Sect. 3.8.8) 
a i3(0i.)-conjugacy class of operators of the form 

(2.11) v = at + t-i ^^^i(t)/, + v(t)^ , 

where V'i(*) G Ox, "04(0) 7^ 0, and v(t) G b{Ox)- Equivalently, it is an A^(Oa;)-equivalence 
class of operators 

(2.12) V = dt + j (p-i + v(t)) , v(t) G b(0,). 

Denote by OpQ^{Dx) the space of opers on Dx with regular singularity. It is easy to see 
f |BDlj or Proposition 12. 3|) that the natural map OpQ^{Dx) 0'Pq{Dx) is injective. 
Therefore an oper with regular singularity may be viewed as an oper on the punctured 
disc. But to an oper with regular singularity one can unambiguously attach a point in 

q/G := SpecC[0]^ ~ C[[)]^ =: [,/W, 

its residue, which in our case is equal to p-i + v(0). 

In particular, the residue of a regular oper dt + P-i + v(i), where v(i) G b{(Dx), is 
equal to —p (see |BDlj V Indeed, a regular oper may be brought to the form (|2.12|) by 
using the gauge transformation with p(t) G B{'Kx), after which it takes the form 

dt + ^ {p-i -p + t- p(t)(v(t))/5(t)-i) . 

If v(t) is regular, then so is p{t)(v{t))p{t)~^ . Therefore the residue of this oper in i}/W 
is equal to —p. 

Given A G f), we denote by 0'Pq^{Dx)\ the subvariety of Op§^(D^) which consists of 
those opers that have residue —A — /O G i)/W (in particular, 0-Pq{Dx) = 0'Pq^{Dx)o). 
Denote by gcan the affine subspace of g consisting of all elements of the form 
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Recall from |Koj that the adjoint orbit of any regular element in the Lie algebra g 
contains a unique element that belongs to Qcan, and the corresponding morphism gcan —>■ 
\]/W is an isomorphism. 

Proposition 2.3 f |BDlj . Prop. 3.8.9). The canonical representatives of opers with 
regular singularities have the form 

(2.13) dt+p-i + ^t-^-'cjit)p,, c,it) G C[[t]]. 

Moreover, the residue of this oper is realized in gcan cls 

(2.14) p_^+L{0) + ^)pi+ c,{0)pj. 

Let (9", V,9"b) £ OpQ^(L'2.). For each finite-dimensional representation V of G, 
consider the system of differential equations with regular singularities V • </>v(i) = 0, 
where ^yify takes values in V . For varying V the solutions of these equations give rise 
to a well-defined solution with values in G, whose monodromy around x is a well-defined 
conjugacy class in G. 

Now let A be a dominant integral coweight of g. Following Drinfeld, introduce the 
variety Oy>g{^x)\ as the quotient of the space of operators of the form 

£ 

(2.15) V = 5t + J^V'i(t)/i + v(i), 

i=l 

where 

V;i(t) =t<"-^)(Ki+t(...)) G 0,, «i /O 

and v(t) € b(Oa;), by the gauge action of i?(Oa;). Equivalently, O'^QiJ^x)^^ is the quotient 
of the space of operators of the form 

I 

(2.16) v = at + ^t<"-^>/i + v(i), 

where v(t) G b(O^), by the gauge action of N{Px). Considering the A^(3C^)-class of such 
an operator, we obtain an oper on . Thus, we have a map 0^q{I)x)\ Opq{D^). 

Lemma 2.4. The map Opq{Dx))^ — > Opq{D^) is injective and its image is contained 
in the subvariety Op^{Dx)\- Moreover, the points of Opq{Dx)\ are precisely those 
G -opers with regular singularity and residue A which have no monodromy around x. 

Proof. By using the gauge transformation with (A + p){t), we bring the operator ()2.15|) 
to the form ^J^, with 

(2.17) v(t) = -(A + p)+vo(t)+ ^»{t), 

aGA+ 

vo G [) ® tC[[t]], v«(t) G n„ t<°'^+^>C[[t]], 

and the A^[[t]] -equivalence class of (|2.15|1 is mapped to the (A -|- /5)(i)-^[[*]](-^ + P)i^)^^ 
class of the conjugate operator. It is then easy to see that the subgroup of N[[t]] which 
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preserves the operators with v(i) of the form (|2.17j) is precisely (A + /5)(t)A^[[t]](A + 
p){t)^^. This proves the first statement. 

To prove the second statement, observe that the monodromy of V is trivial if and 
only if V is gauge equivalent, under the gauge action of the entire loop group G((t)), 
to a regular connection (not necessarily an oper). Therefore the second statement is 
equivalent to the statement that an oper r G OpQ^{Dx)x is gauge equivalent to a regular 
connection if and only if it belongs to Opq{Dx)\- But G{{t)) = G[[t]]B{(t)), and the 
gauge action of G[[t]] preserves the space of regular connections. Therefore if an oper 
is gauge equivalent to a regular connection, then its B{{t)) gauge class already must 
contain a regular connection. The oper condition then implies that this gauge class 
contains a connection operator of the form (|2.15|) . where il^i{t) = t^'^'''^^ (kj + t(. . .)) G 
Ox, i^i 7^ and v(t) G b{Ox) for some integral dominant coweight /i of g. But according 
to the above calculation, the residue of such an oper is equal to —jl — p. This gives us 
the second statement of the lemma. □ 

2.4. Miura opers. By definition (see |F2j . Sect. 10.3), a Miura G-oper on X (which 
is a smooth curve or a disc) is a quadruple {7, V, 9^^), where (9", V, 3^b) is a G-oper 
on X and 5"^ is another i?-reduction of 9" which is preserved by V. 
We denote the space of Miura G-opers on X by MOpq(X). 

A 5-reduction of 9" which is preserved by the connection V is uniquely determined 
by a i?-reduction of the fiber S^x of 9^ at any point x G X (in the case when U = D, x 
has to be the origin ^ D). The set of such reductions is the J'aj-twist 

(2.18) {G/Bh^ = X G/B = J^,, x G/B = (G/B)^, 

G B "'^ 

of the flag manifold G/B. If X is a curve or a disc and the oper connection has a 
regular singularity and trivial monodromy representation, then this connection gives 
us a global (algebraic) trivialization of the bundle 7. Then any i?-reduction of the 
fiber 7x gives rise to a global (algebraic) i?-reduction of 3~. Thus, we obtain: 

Lemma 2.5. Suppose that we are given an oper t on a curve X (or on the disc) such 
that the oper connection has a regular singularity and trivial monodromy. Then for 
each X G X there is a canonical isomorphism between the space of Miura opers with the 
underlying oper r and the twist (G/B)^/^ . 

Recall that the -orbits in G/B, known as the Schubert cells, are parameterized by 
the Weyl group W of G. Let wq be the longest element of the Weyl group of G. Denote 
the orbit BwqwB C G/B by (so that Si is the open orbit). We obtain from the 
second description of [G/B)^/^ given in formula ()2.18|) that {G/B)j-'^ decomposes into 
a union of locally closed subvarieties S^ j^i^ , which are the 7'^ ^-twists of the Schubert 
cells Syj. The S-reduction 3^b,x defines a point in {G/B)^'^ . We will say that the 
^-reductions 3"b x and "J'p. ^ are in relative position w if 3^b x belongs to 5"^^, v . In 
particular, if it belongs to the open orbit , we will say that 3^b,x and 9"^ ^ are in 

generic position. 

A Miura G~oper is called generic at the point x G X if the i3-reductions 3^b,x 
and 9"^ ^ of 3^x are in generic position. In other words, 3^b,x belongs to the stratum 
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Opq{X) X Si ^ri^ C MOpq{X). Being generic is an open condition. Therefore if a 
Miura oper is generic at x £ X, then there exists an open neighborhood U oi x such 
that it is also generic at all other points of U. We denote the space of generic Miura 
opers on U by MOp(^(C/)gon- 

Lemma 2.6. Suppose we are given a Miura oper on the disc around a point x £ X . 
Then its restriction to the punctured disc is generic. 

Proof. Since being generic is an open condition, we obtain that if a Miura oper is generic 
at X, it is also generic on the entire Dx. Hence we only need to consider the situation 
where the Miura oper is not generic at x, i.e., the two reductions J'b,x and 3^'^ ^ 
relative position w ^ 1. Let us trivialize the 5-bundle 3'b, and hence the G-bundle 
3'g over D^. Then V gives us a connection on the trivial G-bundle which we can bring 
to the canonical form 

e 

V = dt+p-i + ^vj{t)-pj 

i=i 

(see Lemma l2.1|) . It induces a connection on the trivial G/i3-bundle. We are given 
a point gB in the fiber of the latter bundle which lies in the orbit S^, = BwqwB, 
where w ^ 1. Consider the horizontal section whose value at x is gB, viewed as a map 
Dx — > G/B. We need to show that the image of this map lies in the open S-orbit 

= BwqB over , i.e., it does not lie in the orbit Sy for any y 1. 

Suppose that this is not so, and the image of the horizontal section actually lies in the 
orbit Sy for some y ^ 1. Since all i?~orbits are i?-invariant, we obtain that the same 
would be true for the horizontal section with respect to the connection V' = hVh~^ for 
any constant element of H. Choosing h = p{a) for a S , we can bring the connection 
to the form 

dt + a-^p-i + a'^^Vjit) ■ pj. 

Changing the variable t to s = a~^t, we obtain the connection 

I 

ds+p^i + Ya''^+\j{t), 
i=i 

so choosing small a we can make the functions vj (t) arbitrarily small. Therefore without 
loss of generality we can consider the case when our connection operator is V = dt+p~i. 

In this case our assumption that the horizontal section lies in Sy,y ^ 1, means that 
the vector field S,p_-^ corresponding to the infinitesimal action of p_i on G/B is tangent 
to an orbit Sy, y 7^ 1, in the neighborhood of some point gB of 5^ C G/B, w 1. But 
then, again because of the if-invariance of the i?-orbits, the vector field ihp-ih-^ is also 
tangent to this orbit for any h € H. For any i = 1 . . . , i, there exists a one-parameter 

subgroup hi^\ e G in H, such that lim ep-ie~^ = fi. Hence we obtain that each of 

the vector fields i = 1 . . . , ^, is tangent to the orbit Sy, y 7^ 1, in the neighborhood 
of gB G Sw,w 7^ 1. But then all commutators of these vectors fields are also tangent 
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to this orbit. Hence we obtain that all vector fields of the form ^p,p € n_, are tangent 
to Sy in the neighborhood of gB € Sw 

Consider any point oi G/B that does not belong to the open dense orbit 5*1. Then 
the quotient of the tangent space to this point by the tangent space to the S-orbit 
passing through this point is non-zero and the vector fields from the Lie algebra n_ 
map surjectively onto this quotient. Therefore they cannot be tangent to the orbit 
Sy,y 7^ 1, in a neighborhood of gB. Therefore our Miura oper is generic on . □ 

This lemma shows that any Miura oper on any smooth curve X is generic over an 
open dense subset. 

Consider the //-bundles "Jh = -^b/^ and 3"^ = ^^/N corresponding to a generic 
Miura oper (9", V, 3"^, 9"^) on X. If J" is an //-bundle, then applying to it the auto- 
morphism wq of H, we obtain a new //-bundle which we denote by Wq{9'h)- 

Lemma 2.7 ( |F2j . Lemma 10.3). For a generic Miura oper (9", V, 3'b, 3^'^) the H-bundle 
is isomorphic to Wq{S'h)- 

Proof. Consider the vector bundles 93^ = 3^xg, bj-„ = 3^b x ^ and bv = f^o x b. We have 

G B ^ G 

the inclusions bj-^, 63^^ C gg^ which are in generic position. Therefore the intersection 

65-^ n hjri^ is isomorphic to byg/[byg.,b'3r^]., which is the trivial vector bundle with 

the fiber \]. It naturally acts on the bundle gg^ and under this action ggr decomposes 

into a direct sum of \) and the line subbundles QF,a-,Oi G A. Furthermore, bj-^ = 

©QeA+ ^F,a, bj-^ = 0agA+ 0F,«,o(a)- Since the action of B on n/[n,n] factors through 

H = B/N, we find that 

H . . H . . 

1=1 1=1 1=1 1=1 

Therefore we obtain that 

H H ^ ' 

Since G is of adjoint type by our assumption, the above associated line bundles com- 
pletely determine 3^h and 3"^, and the above isomorphisms imply that 5"^ ~ Wq{3^h)- 

□ 

Since the /3-bundle 3"^ is preserved by the oper connection V, we obtain a connection 
V on y'fj and hence on Jh — Therefore we obtain a morphism a from the variety 
M0p(j(?7)gen of generic Miura opers on U to the variety of connections Conn;/ on the 
//'-bundle on U. 

Explicitly, connections on 0^ may be described as follows. If we choose a local 
coordinate t on U , then we trivialize fi'' and represent the connection as an operator 
dt + u(t), where u(i) is an [^-valued function on U . If s is another coordinate such that 
t = then this connection will be represented by the operator 

(2.19) ds + ^'{s)v.{^{s))-p-'^. 
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Proposition 2.8 ( F2_,Prop. 10.4). The morphism a : MOpG(C/)gcn Conn;/ is an 
isomorphism of algebraic varieties. 

Proof. We define a morphism b in the opposite direction. Suppose we are given a 
connection V on the //-bundle on D. We associate to it a generic Miura oper 
as fohows. Let us choose a splitting H ^ B of the homomorphism B ^ H and set 
J" = $7^ X G,9'b = X B, where we consider the adjoint action of H on G and on 

H H 

B obtained through the above splitting. The choice of the splitting also gives us the 
opposite Borel subgroup which is the unique Borel subgroup in generic position 
with B containing H. Let again wq be the longest element of the Weyl group of q. 
Then wqB is a i?-torsor equipped with a left action of H, so we define the S-subbundle 
J'o of S'asnPx wqB. 

H 

Observe that the space of connections on 9" is isomorphic to the direct product 

Count/ X 0r(;7,o"('^)+i). 

Its subspace corresponding to negative simple roots is isomorphic to ^0^=^ fl-Oi) li^R. 
Having chosen a basis element fi of Q^ai for each i = we now construct an 

element p-i = J2i=i /« ® 1 of this space. Now we set V = V + By construction, 
V has the correct relative position with the i?-reduction 3"^ and preserves the B- 
reduction 5"^. Therefore the quadruple V, ff's, 9"^) ^ generic Miura oper on U. 
We define the morphism b by setting b(V) = (9", V, 3'b,3^'b)- 

This map is independent of the choice of a splitting H ^ B and of the generators 
fi,i = Indeed, changing the splitting H ^ B amounts to conjugating of 

the old splitting by an element of N . This is equivalent to applying to V the gauge 
transformation by this element. Therefore it will not change the underlying Miura 
oper structure. Likewise, rescaling of the generators fi may be achieved by a gauge 
transformation by a constant element of and this again does not change the Miura 
oper structure. Thus, the morphism b is well-defined. It is clear from the construction 
that a and b are mutually inverse isomorphisms. □ 

More generally, we define, for any dominant integral coweight A G f), Miura G-opers 
of coweight X on as quadruples (9", V, 9"^), where (9", V, "Jb) is a G-oper on 
with regular singularity which belongs to 0'i>q{Dx)x and 3"^ is another 5-reduction of 
5" which is preserved by V. 

We denote the space of Miura G-opers of coweight A on by M.O^q{Dx)\. In 
particular, if A = we obtain the old definition of Miura opers on D^. It is clear that 
we have an isomorphism 

We define the relative positions of S'b and 3"^ in the same way as for A = and denote 
by MOpcr(Dx)A gen the variety of generic Miura opers of coweight A. 

Let Conn?,^ r be the variety of connections on the //-bundle 0,^ over Dx with regular 
singularity at x and residue —A. With respect to a coordinate t at x, the corresponding 
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connection operator has the form 

V = dt + \t-^ + u{t), u(t) G f)[[t]]. 
Denote by A • x) the -ff-bundle on determined by the associated hne bundles 

nP{-X-x) X Ca, = n{-{ai,X)x). 

H 

We have a morphism 

bA ■■ Conn^S ^ MOpG(I).)A,gen 

sending such a connection V to the triple (9", V, 9"^), where 

3" = l^'^ X G, = 1^/^ X = 17^ X wqB, 

H H H 

and V = V + p_i, or equivalently, 

y =Q.P{-\-x)xG, 3^B = ^\-\-x)xB, S'b = n^{-X-x) xwqB, 

HUH 

e 

V = xity\v + p^i)x{t) = dt + + u(t) 

1=1 

(the corresponding oper does not depend on the choice of t). We prove in the same 
way as in Proposition 12.81 that is an isomorphism. 

2.5. Miura transformation. Under the isomorphism of Proposition 12.81 the natural 
forgetful morphism MOp(^(C/)gen C)Pg(^) becomes a map Conn[/ — > Op(^(C/). We 
call this map the Miura transformation. The origin of this terminology is as follows. 
In Section 12.21 we described a realization of opers for Lie algebras of classical types 
in terms of scalar differential operators. These realizations may be used to describe 
explicitly the Miura transformation as well. 

In the case of sin the space Opg[^(L'^) consists of differential operators of the form 
(|2.1()|) . The space Conn^jx consists of the operators dt + u(t), where u{t) G 
may be viewed as an n-tuple . . . , Ura(t)) such that ^11=1 Uiit) = 0. The Miura 

transformation sends dt + u{t) to the operator 

(2.20) L = {dt + ui{t)) ...{dt + Unit)). 

In particular, for q = 5(2 we obtain a map sending a connection dt+u{t) to the projective 
connection df — v{t) where 

d^t-v{t) = {dt-u{t)){dt + u{t)), 

i.e., 

u{t) ^ v{t) = u{t)'^ - u'(t). 

This map was first introduced by R. Miura as the Poisson map from the phase space 
of the mKdV hierarchy (the space Conn^jx in our notation) to the phase space of the 
KdV hierarchy (the space Opq{D^) in our notation). This is the reason why we call 
this map (for an arbitrary g) the Miura transformation. 

One can also write down explicit formulas for the Miura transformation for other 
simple Lie algebras of classical types. As we have seen in Section [2?2l (following |DSj ). 
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in the case of the Lie algebras sp2n and 502n+i the spaces of opers consist of self- 
adjoint differential operators L : 17^"+^/^ — > ^2"+^/^ of order 2n (resp., anti-self adjoint 
operators L : 17"" — > of order 2n + 1) with principal symbol 1. Identifying the 

Cartan subalgebras of these Lie algebras with C", we obtain an identification of the 
corresponding space of connections with the space of n-tuples (ni(t), . . . ,Un{t)), where 
Ui{t) € C((t)). Then the Miura transformation takes the form 

L={dt + ni(t)) ...{dt + Un{t)){dt - Unit)) ...{dt- m{t)) 

for Q = 5p2n and 

L={dt+ Ui{t)) ...{dt+ Un{t))dt{dt - Unit)) ...idt- Uiit)) 
for = 502„+l. 

Finally, in the case of g = 502n the Miura transformation is realized by the formula 
L = idt + Ulit)) ...idt + Unit))d^\dt - Unit)) ...idt- ni(t)) 
(see inSj, Sect. 8). 

2.6. Singularities of Miura opers. Now suppose that we are given a Miura oper of 
coweight A on the disc Dx such that the reduction 9"^ ^ has relative position w with 
3^B,x at X. The restriction of this Miura oper to the punctured disc is generic by 
Lemma 12.61 (which is easily generalized to the case of an arbitrary A), and hence it 
corresponds, by Proposition 12. 8| to a connection V on the -fT-bundle over . We 
would like to describe the singularity of this connection at x. 

First of all, we claim that V has a regular singularity at x. Indeed, the corresponding 
G-oper may be represented by the connection operator V = V +p-.i. Let us choose a 
coordinate t at x and write V = dt + u(t), where u(t) € l}((i))- Then 

(2.21) V = at + p_i + u(t), uit) e i)iit))- 

The corresponding G-oper should be regular, i.e., there should exist an element g G 
Niit)) such that g\/g~^ has no singularity at i = 0, so that the equation gVg~^ '4^it) = 
has solutions in for arbitrary initial conditions in G. But then the equation 

V0(t) = would have solutions in GUt)) (for arbitrary initial conditions in G). This 
implies that V has at most regular singularity. Suppose that this is not so. Then there 
would exist a dominant integral weight x such that (x, u(t)) has a pole of order higher 
than 1. But then consider the equation V(/)(t) = 0, where 0(t) takes values in V_^g(^^y 
Clearly, the component of the solution lying in the subspace of lowest weight — x would 
not belong to C((t)), which is a contradiction. 
Thus, 

u(t) = fit^^ + reg. 

for some integral coweight ft. Using the gauge transformation with pit) £ i?((t)), we 
obtain that the operator V given by (|2.21j) is gauge equivalent to the operator 

dt + ^ip-i- p + fi + ti...)). 

Therefore the G-oper corresponding to V is an oper with regular singularity (see Sec- 
tion [231), whose residue in is equal to the image of —p + /i € f). But by our 
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assumption this oper belongs to Opq{Dx)^, hence its residue is the image of —A — p in 
l)/W. Therefore we obtain that there exists y £W such that —p + p. = — y(A + p), i.e., 
i2 = p-y{X + p). 

We wish to show that y = w, where w is the relative position of 3"^ ^ with 9'b,x- Let 
us make a more precise statement. 

Denote by Conn?,^ r the variety of all connections on the i?-bundle ^l^ with regular 

singularity at x and residue —w{\ + p) + p. We have a morphism 

defined as in Section 12.41 Namely, we send a connection V G Conn^^ \w oper 
(3", V, Jb) where we set J = 17^ x G, = x 5 and V = V + 

H H _ 

Explicitly, after choosing a coordinate t on L>, we can write V as dt + t^^u.{t), where 
u(i) € Then the corresponding oper with regular singularity is the N{{t))- 

equivalence class of the operator 

V = dt+p^i + t-^u{t), 

which is the same as the A^[[i]] -equivalence class of the operator 

p(t)Vp(t)-i =dt + t-^P-i -P + u(t)) 

(so it is indeed an oper with regular singularity). 

Denote by Conn^^^ - the reduced part of the preimage of Opq(L>^)? C 0'Pq^{Dx) 
under this morphism. Then we have a morphism 

bA,. : Conn^^ 3^^^ - MOvaiD.^. 

which sends V G Conn^^ ^ to the Miura oper (9", V, 9"^, J'^), where (SF, V,3"s) are 
as above and 9"'r> = 17'' x wqB, where wq is the longest element of the Weyl group. 

Recall that in Section 12.41 we have established an isomorphism between the vari- 
ety MOp(j(-Da;)j^ of Miura opers of coweight A on and the product Oy>g{Dx)\ x 
{G/B)yi^^. Denote by MOy>g{Dx)x,w MOpc.(-Dx)a the subvariety of those Miura 
opers of coweight A which have relative position w at x. Then M.O\)q{Dx)\^ — 
Opg(^x-)a X ^n,,J'By 

We wish to show that each map b? , is an isomorphism between Conn":^^ . and 

^^PGi^x)x w- '^h^ following result is proved my joint work |FGj with D. Gaitsgory 
in a more general setting. 



Proposition 2.9. For each w &W the morphism ^ is an isomorphism between the 
varieties Conn^°^ . and MOpq(D^)? . 

Proof. First we observe that at the level of points the map defined by h^^,w £ W, 
from the union of Conn^^ ^^,w G W, to MOpq{Dx)x, is a bijection. Indeed, by 
Proposition 12.81 we have a map taking a Miura oper from M.Opq{Dx)\, considered as 
a Miura oper on the punctured disc , to a connection V on the ff-bundle over 
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. We have shown above that V has regular singularity at x and that its residue 
is of the form —w{X + p) + p,w G W . Thus, we obtain a map from the set of points 
of yiO^Q{Dx)\ to the union of Coim^ ^^^w £ W, and by Proposition 12.81 it is a 
bijection. 

It remains to show that if the Miura oper belongs to MOpq{Dx)\ ^, then the corre- 
sponding connection has residue precisely —w{X + p) + p. 

Thus, we are given a G-oper (3", V, 9"^, 9"^) of coweight A. Let us choose a trivial- 
ization of the -B-bundle 9"b. Then the connection operator reads 

(2.22) v = 9t + ^t<°-^>/, + v(t), v(t)Gb[[t]]. 

i=l 

Suppose that the horizontal S-reduction J'^ of our Miura oper has relative position w 
with 3^B at X (see Section [2.41 for the definition of relative position). We need to show 
that the corresponding connection on 9"^ ~ has residue —w{\ + p) + p. 

This is equivalent to the following statement. Let ^{t) be the G-valued solution of 
the equation 

(2.23) (^t + + v(t)j m = 0, 

such that $(0) = 1. Since the connection operator is regular at f = 0, this solution 
exists and is unique. Then (^{t)w~^WQ is the unique solution of the equation (|2.23|1 
whose value at t = is equal to w~^wq. 
By Lemma l2.6| we have 

(l>{t)w-^WQ = X^{t)Y^{t)Z^{t)wQ, 

where 

X^{t) G N{{t)), YUt) G H{{t)), ZUt) GjV_((t)). 

We can write Y^it) = flw{t)Yw{t), where p^ is a coweight and Yw{t) G 
Since the connection V preserves 

^{t)wob+wo^{t)-^ = $(^)b_$(^)-^ 

the connection X(t)^^VX^(t) preserves 

Y^{t)Z^{t)b^Z^{t)-^Y^it)-' = b_, 

and therefore has the form 

e 

9i + ^t<"-^>/.-^ + u(t), u(t) G 

i=l 

By conjugating it with X{t) we obtain a connection 

ai + p_i-^±^ + u(t), u(i) G f)[[t]]. 

Therefore we need to show that 

(2.24) p^ = wCX + p)-{X + p). 
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To see that, let us apply the identity ^{t)w^^ = Xw{t)Yw{t)Zw{t) to a non-zero 
vector of weight wo{h') in a finite-dimensional irreducible g-module Vu of highest 

weight v (so that i^^o((y) is a lowest weight vector and hence is unique up to scalar). 
The right hand side will then be equal to a -P(t)i'^(,(,y) plus the sum of terms of weights 
greater than wq{i'), where P{t) = ct^'^°^'^^'^'^\c ^ 0, plus the sum of terms of higher 
degree in t. Applying the left hand side to ^^0(1^)' obtain where 
v^-i.ujo{iy) G V'^ is a non-zero vector of weight w^^WQ{h') which is also unique up to a 
scalar. 

Thus, we need to show that the coefficient with which f^Q(;/) enters ^(t)'fui~iw)o(i^) 
a polynomial in t whose lowest degree is equal to 

{wo{u),w{X + p) -{X + p)), 

because if this is so for all dominant integral weights u, then we obtain the desired 
equality (|2.24|) . But this formula is easy to establish. Indeed, from the form (|2.22|) of 
the oper connection V it follows that we can obtain a vector proportional to v^q by 
applying the operators t^°'*'^^~^^ fi,i = !,...,£, to v^-i^^^^^^ in some order. The linear 
combination of these monomials appearing in the solution is the term of the lowest 
de gree in t with which w^jj^j^^ enters ^'(i)i'ui~i«)o(!^)' follows from Lemma 12.61 that it 
is non-zero. The corresponding power of t is nothing but the difference between the 
(A + /9)-degrees of the vectors f^-i^ug and v^o, i-e., 

{w''^wo{u), X + p) - {wo{u), X + p) = {wo{i^),wCX + p) - (A + p)), 

as desired. This completes the proof. □ 

Suppose we are given a Miura oper on with A = that has relative position Sj 
at X. Then the corresponding connection on has residue —Si{p) + p = ai. Choosing 
a coordinate i at x, we write this connection as 

(2.25) v = at + ^ + u(t), u(t) G f)P]. 

Lemma 2.10. A connection of the form ()2.25|) belongs to Conn^^^, (i.e., the corre- 
sponding G-oper is regular at x) if and only if {ai, u(0)) = 0. 

Proof. Let V^- be the ith fundamental representation of g. It contains a one-dimensional 
subspace L^^. of i?-invariants. There is a canonical two-dimensional subspace VF^. of 
K). stable under B, containing L^^. , and on which the SL2 subgroup corresponding to 
the ith simple root acts irreducibly. Moreover, the generators fj,j 7^ i, act on W^- by 
0. Consider the vector bundle 

G B 

and the corresponding rank two subbundle . The connection V preserves W^^^jr^ , 

and its restriction to W^j.^^-g is equal to 

where Ui{t) = (ai,u(t)). 
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The corresponding equation V<I> = has two hnearly independent solutions: 

/ \ / _t-l^-Ju,{t)dt 

1 - yj.^Ju,it)dt J 1 ^2 - Ui{t)dt J ^-2^-2 J u,{t)dt^^ 

Hence the monodromy of these solutions is equal to 

'l -4iTiui{0y 
1 

This implies that this oper is regular only if Ui{0) = 0. 

Conversely, if Uj(0) = 0, then applying to the connection V the gauge transformation 
with exp(— Cj/i) we obtain a regular connection. Hence the corresponding oper is 
regular. This completes the proof. □ 

The above calculation also implies that the scheme-theoretic preimage of Opq{Dx) 
under the morphism Conn^^^ ^. — s- OpQ^{Dx) is in fact reduced, and therefore it is equal 
to Conun^ „ . 

3. Bethe Ansatz equations and Miura opers on 

In this section we consider Miura opers and the corresponding //-connections on . 
We show that the Miura opers having the simplest possible degenerations are described 
by the solutions of the so-called Bethe Ansatz equations. This will allow us eventually 
to describe the set of solutions of the Bethe Ansatz equations as an open dense subset 
of the flag variety. 

3.1. Miura opers on P"^. Let us fix a set of distinct points zi, . . . , zn on P^ such that 
7^ cxo for all i = 1, . . . , A'", and a set of dominant coweights Ai, . . . , Xn of g. Let 
)(zi),oo;(Ai),Aoo ^ opers on P which are regular at all points other 

than zi, . . . , Z]y,oo and have regular singularities at zi . . . , zj\f,oo with the residues 
Ai, . . . , Aat, Aoo. More precisely, this is the subset of the set Opq(P^\{zi, . . . , zn, oo}) 
consisting of those opers whose restriction to the punctured disc D^^ at the point Zi 
(resp., D^) belongs to Op^^{D,J-^^ for alH = 1, . . . , TV (resp., to Op^^{D^)xJ. 
Let Aoo be another dominant coweight of q. Introduce a subset 

of those G-opers whose restriction to D^. belongs to 0'Pq{DzJ\. C Opq^{DzJ-^, for all 
i = 1, . . . , N and whose restriction to belongs to 0'Pq{Doo)'x^ C Op[j^(Doo)a^ • De- 
note by MOpq(P^)(-^^^ oo (Ai) Aoo space of Miura opers on P-'^\{2;i, . . . , zn, oo} whose 
underlying opers belong to OpGi^^)(z,),oo;Cx,);x^- 

Let T = (J,V, Js) be an oper from OpcO^^) (zi) oo-{Xi) Xoo' above conditions 

mean that the oper bundle 3^, which is a priori defined on P^\{zi, . . . , zn, oo}, has a 
canonical extension to the entire P^. By Lemma l2.4| the monodromy around each of 
the points zi, . . . ,zi^, oo is trivial. Therefore the flat connection V has the trivial mon- 
odromy representation and therefore defines a global trivialization of the oper bundle 
ff'. Hence, by Lemma 12.51 the space MOp(j(P^)t- of Miura G-opers on P^ whose under- 
lying oper is r is isomorphic to the flag variety G/B of G. Indeed, any i?-reduction of 



OPERS ON THE PROJECTIVE LINE, FLAG MANIFOLDS AND BETHE ANSATZ 25 

the fiber of tliis bundle at an arbitrary point x of uniquely extends to a horizontal 
S-reduction of 9" on the entire P^. But a i?-reduction of the fiber of the trivial bundle 
at X is the same as a point of {G/B)j:^ which is isomorphic to G/B. 

On the other hand, let Conn(P^)^^, ,k ^ \ be the space of connections on the 

' ^ '(zi),oo;(Ai),Aoo ^ 

-ff-bundle $7^ on P^ with regular singularities at the points zi, . . . , ztv, oo and a finite 
number of other points wi, . . . , Wm such that the residue at Zi (resp., oo, Wj) is equal to 
-2/i(Aj + p)+p (resp., -yoo(Aoo + p) + p, -y'^{p) + p) for some elements y^, Voo.v'j G W. 
Such a connection then has the form 



^ yi{Xi + p)-P Y^ y'jjp) 



(3.1) dt 

i=i - j=\ 

on = P^\cxD. According to formula ()2.19|) . connection dt + f{t) on over has the 
following expansion on the disc around cxo E P^ with respect to the coordinate u = t~^: 

du-u'^f{u-^) + 2pu-\ 

Therefore the residue of the connection at oo is equal to 

N m 

2/5 + Y.^yi{\i + p)-p) + Y,^y'j{p) - p)- 

i=l 3=1 

On the other hand, by our assumption, it should be equal to —yoo{^oo + p) + P for some 
Voo G W . Denoting yea by y'^oWo, we obtain the following equation relating the residues 
of our connection: 

N m 

(3.2) Y.^y^(\i + p)-p) + Y^^y'^ip) -p) = y'^{-W(,(Xoo) +p)-p. 
i=i j=i 

To a connection of this form we associate a G~oper on P^ with regular singularities 
at {zi), oo, (wj) in the same way as above. Namely, we set 

!3'=QPxG, 3'b = ^^^B, V = V + p_i. 

H H 

This oper belongs to the set 

'^'9W^^){z,),(w,),oo;{X,),{0):Xoo 

defined in the same way as at the beginning of this section. Note that by construction 
the residue of this oper at Zj is in the T^-orbit of Aj , whereas at Wj it is in the VF-orbit 
of 0. 

Thus, we have a map 

^°^"(^^)S,oo;(A,),Aoo ^ OPG^(^P^)(^,),K),oo;(A.),(0),A^- 

Let Conn(P^)/, \ \ \ be the subset of Conn(P-'^)^^^, , r consisting of those 

connections for which the resulting oper r on P^ belongs to Op(^(P^)(^^^^ oo (Ai) Aoo' "^^^ 
resulting map 

t>(2i),oo;(A,),Aoc • Conn(P^)(^^)_^.(^^)^^^ ^ OPg(IP^)(z,),oo;(A,),Aoo 
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may be lifted to a map 

t>(2,),oo;(A,),Aoo • '^°^^(^^){z,),oo■,CX^)^ac, ^ ^^PG (^"^ ) (2, ) ,oo; ( A, ) , Aoo ' 

Here M0pg«(P^)(2.j co-(A,) A^o ^® space of Miura opers on P-'^\{2:i, . . . , zn, 00} such 
that the underlying oper belongs to Op(^(P^)^^.j ^.^j^.^ j^^. Namely, we give an oper 
r that is in the image of b^^.^ oo (Ai) Aoo structure of a Miura oper by defining a 
horizontal 5-reduction 3"^ of 3^ by the formula 



Jo = 0^ X WqB. 
H 



Next, we construct the map 



^(^,),oo;{AO,Aoo • ^^PGi^^){zi),oc;{X,);Xoo ~^ Conn(P^)(^^-,^^.(^^-,^^^ . 

Any Miura oper on P-'^\{zi, . . . , zn, 00} from MOpc(P^)(^.-) oo-(Aj) becomes generic 
after removing finitely many points wj. Hence it gives rise to a connection V on the 
bundle 3'h ~ over P-^\{(zj), (wj), 00}. The restrictions of this connection to the discs 
around the points Zi, wj and 00 must have regular singularities with the residues being 
in the W^-orbits of Aj, 0, and Aqo, respectively. Therefore this connection must be of the 
form This defines a map a^^.^ oo (Ai) Aoo' same way as in Prop osition 12 . 81 and 

Proposition 12.91 we show that the maps a^^.^ oo {Ai) Aoo ^(zi) oo (Ai) Aoo mutually 
inverse bijections. 
Let us fix an oper 

T G OpG'(P^)(^^)^oo;(A,),Aoo 

and trivialize the underlying G~bundle 9" by identifying the fiber at the point 00 G P^ 
with G. Then the connection trivializes the bundle 3' by identifying all fibers with 
the fiber at 00 and hence with G. Therefore we also obtain a trivialization of the 
corresponding G/i?-bundle, and so the reduction gives us a map 0^ : P^ — > G/B. 

Note that giving r the structure of a Miura oper amounts to picking a point in the 
flag variety G/B. If this point belongs to the S-orbit Sy^ = By^woB C G/B (i.e., if 
the corresponding S-reduction and the oper reduction of the fiber at 00 are in relative 
position Uoo', see the definition in Section [2. 4|1 . then the corresponding connection has 
the residue — yoo(Aoo + p) + p at 00. Furthermore, identifying the fiber of 3" at 00 with 
the fiber of 5" at Zi, we obtain a reduction of 3^zi to B. According to Proposition 12.91 
this reduction then has relative position yi with the oper reduction 3^B,Zi precisely when 
the residue of our connection at Zi is equal to —yi{Xi + p) + p. 

Likewise, the points wj^s are the points where our i?-reduction is not in generic 
position with the oper reduction, and it is then in relative position y'j precisely when 
the residue of our connection at Wj is equal to —y'j{p) + p, by Proposition 12.91 All of 
these residues must satisfy the relation ()3.2() . Thus, we obtain the following result. 

Theorem 3.1. The map ^(^z ) oo-(x-) x^o ^ bijection at the level of points. Thus, the 
set of all connections from Conn(P^)^^_-j ^.(^x ) Aoo ''^^^'-^ correspond to a fixed G-oper 
T G Opg(P^) 

(zi),oo;(Ai),Aoo isomorphic to the set of points of the flag variety G/B. 
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Moreover, the residues of these connections at the points zi (resp., the points Wj) are 
equal to i?^. = —yiiXi + p) + p (resp., R^. = —y'j{p) + p) for some elements i/i, y'j G W 
and they must satisfy the relation 

n m 

J2^^^+Y1 = -y~(-^o(Aoo) +p)+p 

i=l j=l 

for some y'^ G W . The set of those connections which satisfy this relation is in bijection 
with the Schubert cell Bw^y'^w^B in G/B. 

3.2. Bethe Ansatz equations. Let r be again an oper from 0pq(P^)^2,-j oo-(a ) Aoo 
suppose we have a Miura oper projecting onto r under the Miura transformation. Let 
(/),-: —> G/B be the map corresponding to the reduction 3"^. Recah that its value 
at X G is "Jb^x considered as a point of (G/B)^/^ ,,. ~ {G/B)^i^^^ ~ G/B, where the 
first isomorphism is obtained from the identification of the fibers of 9"^ induced by the 
oper connection and the second isomorphism corresponds to a choice of triviahzation 
of (G/i?)gr^ Consider the subvariety {G/B)^ of G/B whose points p satisfy the 
following conditions: 

(1) (pri^i) is in generic position with p for all i = 1, . . . , A'^; 

(2) the relative position of (prix) and p is either generic or corresponds to a simple 
reflection Sj G for all x G P"'^\{2:i, . . . , zn, oo}. 

It is clear that {G/B)r is an open and dense subvariety of G/B. Indeed, {G/B)r 
is contained in the intersection U-r of finitely many open and dense subsets, namely, 
the sets of points oi G/B which are in generic relative position with (prizi) (each is 
isomorphic to the big Schubert cell). The complement of {G/B)r in Ur is a subvariety 
of codimension one. This subvariety consists of all points in G/B which are in relative 
position It; with (/)t-(x), x G P^\{zi, . . . , zn, oo}, where w runs over the subset of W of all 
elements of length l{w) > 2. The subvariety of these points for fixed x has codimension 
two, and therefore their union, as x moves along the curve F^\{zi, . . . , Z]\f,oo}, has 
codimension (at least) one. 

Let 

be the open dense subvariety which is the union of {G/B)^-, r G Op(^(P^)(^_^^^ oo (Ai) Aoo" 
Note that equation (|3.2j) now reads 

N m 

(3.3) ^Xi-^oii^ = y{-wo{\oc/) + p) - 

i=l j=i 

where we write y = y'^ to simplify notation. 

Consider the image of MOpG'(P )^^^ ^^^^ ^ in Conn(P )(2.) oo-(A ) Aoo ^-^^ 
bijection ^f,.) ) x • We denote it by Conn(P^)^™ ./\\\ ■ Then according to 
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Lemma l2.1()[ ComifP^lf""^, n ? is precisely the set of all connections of the form 



N r m > 

1=1 j=l ■' 

where wi, . . . , Wm are points of P^\{zi, . . . , zj^i, co} and ij G / for all j = 1, . . . , m, such 
that if 

dt + OLiJit - u^j) + Uj(t - Wj), Uj('u) G ()[[«]], 

is the expansion of the connection (|3.4|1 at the point Wj, then (oj^. ,Uj(0)) = for all 
J = 1, . . . , m. Explicitly, these equations read 

(3.5) V^^^^ = 0, i = l,...,m. 

They are called the Bethe Ansatz equations. We have an obvious action of a product of 
symmetric groups permuting the points wj corresponding to simple roots of the same 
kind. In what follows, by a solution of the Bethe Ansatz equations we will understand 
a solution defined up to these permutations. We will adjoin to the set of all solutions 
associated to all possible collections {oii-} of simple roots of g, the unique "empty" 
solution, corresponding to the empty set of simple roots. 
Now we obtain the following 

Theorem 3.2. The set of solutions of the Bethe Ansatz equations (|3.5|) is in bijection 
with the set of points of MOpq{F^)^'^^^ ^^^-^ . 

Let us fix an oper r. Then considering the value of the map at oo G P^, we obtain 
an identification of the space M0p(5(P^)f^"^ , - with an open dense subset oiG/B. 

Furthermore, it follows from Theorem l3.1l that those elements of M0p(7(P^)f'^'! \ x 

which satisfy formula correspond to points that lie in the Schubert cell BwquwqB 
in G/B. 

Note that except for the big cell BwqB, the intersection between the Schubert cell 
BwqiiwqB and the open dense subset {G/ B)t- C G/ B could be either an open dense 
subset of BwqijwqB or empty. ^ Therefore we obtain 

Corollary 3.3. The set of those solutions of the Bethe Ansatz equations which corre- 
spond to a fixed G-oper r G 0\)q{¥^)^^_-^ oo (a ) Aoo ^"^ bijection with the set of points 
of an open and dense subset {G/B)r of the flag variety G/B. Further, every solution 
must satisfy the equation (|3.3() for some y G W , and the solutions which satisfy this 
equation with fixed y & W are in bijection with an open subset of the Schubert cell 
BwoywoB G G/B. 



^Foi example, it follows from the results of Mukhin and Varchenko in |MV2I that sometimes this 
open set may not contain the one point Schubert cell B C G/B even if we allow zi, . . . , zn to be 
generic. 
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3.3. The action of N on solutions of the Bethe Ansatz equations. The group 
N naturally acts on G/B, and thus we obtain an action of N on the set of those 
solutions of the Bethe Ansatz equations which correspond to a fixed G-oper. This 
action is however rational, because solutions of the Bethe Ansatz equations correspond 
to points of an open dense subset oi G/B, not the entire G/B. 

Let us identify the set of solutions of the Bethe Ansatz equations with an open dense 
subset of the flag variety by using the fiber at G P\ instead of oo G P^. Then the 
action of G A is given by gauge transformations on a connection of the form 

dt+p-i + vi{t), u(t) G [), 

by a rational A-valued function g{t) such that (7(0) = g and 

(3.6) g{t){dt+p-i + M{t))g{tr^ =dt+p-i+^{t), 

where u(t) is again in [). Clearly, g{t) is uniquely determined by these conditions. 

By our assumptions, the connection dt + p-i + u(t) has trivial monodromy repre- 
sentation. Therefore there exists a (unique) polynomial G-valued solution ^{t) of the 
equation [dt +P-i + u(i))<I>(f) = with the initial condition $(0) = 1. Because of the 
form of the connection, we find that <l>(t) actually takes values in B^. Further, for any 
constant element M of G, the solution of the equation {dt + p-i + u(t))^'(t) = with 
the initial condition ^'(0) = M is -^{t) = ^{t)M. 

Now if $(i) is the solution of the equation [dt +P-i + u(t))<I>(t) = with the initial 
condition <1>(0) = 1 (like '&(t), it takes values in B^), we obtain the following equation: 

(3.7) m9-^ = 9{t)-'m. 

Thus, to find g{t), we need to find <I>(t) and to project the function <^{t)g^'^ onto N 
considered as an open dense subset of G/B^ (in general, this may only be done for 
generic values of t). 

Let us consider more explicitly the case when g = exp(aei),i G I, a G C (these one- 
parameter subgroups generate the action of the group N). We claim that g{t) is then 
necessarily of the form g{t) = exp(/(i)ej), where f{t) is a rational function in t such 
that /(O) = a. 

Indeed, since ^{t) G we obtain that the left hand side of 1)3. 7|) belongs to 
the ith minimal parabolic subgroup of G generated by B- and the SL2 subgroup 
corresponding to the ith simple root. Hence the left hand side must also belong to this 
parabolic subgroup, and therefore g{t) necessarily has the form exp(/(f)ej) for some 
rational function f{t) satisfying /(O) = a. 

Let us compute f{t). We have 

exp(/(t)ei)(5t + u(t))exp(-/(t)ei) = 

dt + (nit) + fit)ai) - (fit) + f{tf + f{t)u,it))e,, 

where Ui{t) = {ai,u{t)). Therefore f{t) has to be a rational solution of the diff'erential 
equation 

(3.8) f'{t) + f(t)^ + f(t)uiit) = 
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with the initial condition /(O) = a. Note that from the previous discussion we already 
know that such a solution exists and is unique. Then in the new connection we will 
have u(t) = u(t) + f{t)6ii. For generic values of a the function u(t) will have the same 
form as u(t). In particular, only the positions of the poles Wj such that ij = i will be 
changed in u(t), and hence its poles will again give us a solution of the Bethe Ansatz 
equations (|3.5jl . 

Thus we obtain a rational action of the elements of the form exp(aej) on the set of 
solutions of the Bethe Ansatz equations. These actions generate a rational action of 
the group N on the set of solutions of the Bethe Ansatz equations corresponding to a 
fixed G-oper r. By our construction, this action becomes the natural action of N on 
the flag variety G/B under the embedding of the set of solutions of (|3.5|) into the flag 
variety as an open dense subset. 

3.4. Comparison with results of Mukhin and Varchenko. In |MVj . Mukhin and 
Varchenko associated to each solution {wi^ . . . , Wm} of the Bethe Ansatz equations (|3.5jl 
an /-tuple of polynomials {yi{x)),i £ I = {1, . . . ,i}, each defined up to a scalar, such 
that the roots of yi{x) are precisely those wj^s for which ij = i. Thus, they obtained 
an embedding of the set of solutions of (|3.5|) into the product of i copies of P(C[a;]). 
Then they defined the "ith reproduction procedure" of solutions as follows. Set 

N 

T,{x) = ll{x-z,f^'''^^ 

and let yi be a new polynomial that has the form 

(3.9) Viix) = yi{x) rT,{t)lly,{t)-^^^'"^'^dt. 

The closure of the set of polynomials of this form in P(C[2;])^ is isomorphic to a pro- 
jective line. It is proved in |MVj that for all but finitely many points of this line the 
/-tuple (yi(x), . . . ,yi{x), . . . ,y£{x)) will again correspond to a solution of the Bethe 
Ansatz equations ()3.5() . and thus they obtain a rational map from to the set of 
solutions of (|3.5|) . 

Let us show that the image of this map coincides with the closure of the orbit 
of the group {exp(aei)} acting on the set of solutions of (|3.5j) as explained above 
(this observation is due to Mukhin, Varchenko and myself). Indeed, given an /-tuple 
{Vi{x))i^i encoding a solution of the equations (|3.5j) . the corresponding connection is 
given by the formula dt + p-i + u(t), where 

^ A d 

j=i ^ iei 



so that 



u,{t) = (a„u(t)) = -^log I r,(t)nyi(i)-^"-"'^ 
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But implies that yi(t) satisfies the equation 

^ logy,(t) = ^ log y,{t) + ^ log I' T,{x) \{ 

Therefore the connection corresponding to the new /-tuple (yi(x), . . . , . . . , ye{x)) 

has the form dt+p-i+u{t), where u{t) = u{t) + f{t)ai, and f{t) satisfies the differential 
equation (|3.8j) . 

Therefore the ith reproduction procedure of |MVj on the set of solutions of (|3.5|) 
coincides with the action of the group {exp(aej)} on the image of this set in G/B. 
Mukhin and Varchenko use the reproduction procedures to construct "populations" of 
solutions of (|3.5|) . A population is by definition the closure in (P(C[a;]))^ of the set of all 
polynomials obtained by applying consecutively all possible reproduction procedures to 
an /-tuple of polynomials corresponding to a particular solution of (|3.5|1 . Conjecture 
3.10 in |MVj then asserts that each population is isomorphic to the flag variety G/B 
and that the subset of the population corresponding to the /-tuples of polynomials of 
fixed degrees is isomorphic to a Schubert cell in G/B. This has been proved in jMVj 
for Q of types An, Bn and C„ and in |BMj for G2 (note that in the convention of |MVj 
the Bethe Ansatz equations ()3.5() correspond to the Langlands dual group ^G, and so 
the relevant flag manifold is ^G/^B rather than G/B). 

Now this assertion immediately follows for an arbitrary simple Lie algebra g from 
Corollarv 13.31 and the above discussion. Indeed, we have found in Corollarv 13.31 that 
the set of solutions of the Bethe Ansatz equations is identified with an open dense 
subset oi G/B and that those solutions which correspond to /-tuples of polynomials 
of fixed degrees correspond to points of Schubert cells in G/B. Moreover, we have 
identified the reproduction procedures with the action of the one-parameter subgroups 
{exp(oej)} on this set inside G/B. But the closure of the union of the consecutive 
orbits of these subgroups is equal to the entire flag manifold G/B. Hence we obtain 
that any population of solutions (in the terminology of [MVj ) is indeed isomorphic to 
G/B. 

4. The Gaudin model and the Bethe Ansatz 

In this section we consider a simple Lie algebra q and its Langlands dual Lie algebra 
(whose Cartan matrix is the transpose of that of g). We will identify the set of roots 
of g with the set of coroots of ^g and the set of weights of g with the set of coweights 
of ^g. The results on opers and Miura opers from the previous sections will be applied 
here to the Lie algebra ^g. 

4.1. The definition of tiie Gaudin modeL Here we recall the definition of the 
Gaudin model and the realization of the Gaudin hamiltonians in terms of the spaces of 
conformal blocks for affine Kac-Moody algebras of critical level. We follow closely the 
paper [FFR] , 

For a dominant integral weight A denote by Vx the irreducible representation of g 
of highest weight A. Choose a non-degenerate invariant inner product kq on g. Let 
{ Ja}, a = 1, . . . , d, be a basis of g and {J"} the dual basis with respect to kq. Denote 
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by A the quadratic Casimir operator from the center of U{g): 

Let (Aj) be a set of of dominant highest weights of g. Denote by Vix^) the tensor 
product V^j ® . . . ® Vajv- Let zi, . . . , z^v be a set of distinct complex numbers. The 
Gaudin hamiltonians are the hnear operators 

<i t(«) Ta(j) 

(4.1) =' = EEv^- = ' 

j^i a=l ■> 

acting on V(Ai)- Note that 

N 
i=l 

These operators commute with the diagonal action of g on V(^\.^ and hence their action is 
well-defined on the subspace of highest weight vectors in V(Aj) of an arbitrary dominant 
integral weight /x with respect to the diagonal g-action. Writing /x = —wo{\oo) where 
Acx3 is another dominant integral weight, we identify this subspace with <8> Vx^)*^. 

Consider the problem of simultaneous diagonalization of the Gaudin hamiltonians. 
Set 

|0) —vx^® ■■■®vx^ G V[x,). 
Clearly, it is an eigenvector of the H's. Other eigenvectors are constructed by a proce- 
dure known as the Bethe Ansatz. 
Let 

^ W - Zi 

1=1 

For a set of distinct complex numbers wi, . . . , Wm and a collection of labels ii, . . . ,im & I 
we introduce the Bethe vector 

N Ffpf . . . Ff 

(4.2) w,...,*)^ E 

Here the summation is taken over all ordered partitions U U . . . U of the set 
{1, . . . , m}, where P = ig, • • • , ikj }• Note that one can consider vector 1)4. 2|) as an 
element of the tensor product of Verma modules Mx^^ Mxj^ with arbitrary highest 

weights Ai , . . . , Aat . 

The following result is proved in [BaFTl IFFRI iRVj . 

Proposition 4.1. The vector {w^- , ■ ■ ■ ^Wm) ^-^ '^'^ eigenvector of the Gaudin hamilto- 
nians Hj, z = 1, . . . , if and only if the Bethe Ansatz equations 

(4.3) E-iH^-EH^ = ^^ J = l,...,m. 

i=i w/ - Zi - wi 
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are satisfied. 

Note that the equations l^i.'A^ are nothing but the equations for the Langlands 
dual Lie algebra ^g. 

One checks also that if this vector is an eigenvector, then it is automatically a highest 

N m 

weight vector of weight Aj — Oi. . Hence for this vector to be non-zero, we must 

i=i j=i 

have 

N m 

(4.4) ^' ~ = -''^o(Aoo) 

i=i j=i 

for some dominant integral weight X^o- Note that this relation is nothing but a special 
case of equation l^'A.'A^ for (when y = 1). 

4.2. Gaudin model and coinvariants. In |FFE,j Proposition 14. II is proved using the 
following interpretation of the Gaudin hamiltonians. 

Let be the affine Kac-Moody algebra corresponding to q. It is the extension of the 
Lie algebra g®C{(t)) by the one-dimensional center CK. The commutation relations 
in Q read 

(4.5) [A f{t),B (g) g{t)] = [A, B]®fg- k,{A, B) Rest=o fdg ■ K, 
where Kc{-,-) is the critical invariant inner product on g defined by the formula 

Kc{A,B) = -^Trgad^adS. 

Denote by g+ the Lie subalgebra g C[[i]] ® CK of g. We extend the action of g 
on the finite-dimensional representation V\ to g+ in such a way that g <^ tC[[t]] acts 
trivially and K acts as the identity. Denote by Yx the Weyl module which is the 
induced representation of g 

Yx = U{q) (g) Vx. 
u(s+) 

These are the representations of critical level. In the normalization of [Kj, the central 
element K acts as minus the dual Coxeter number. 

Consider the projective line with a global coordinate t and distinct finite points 
zi, . . . , ztv G P^. In the neighborhood of each point Zi we have the local coordinate 
t — Zi and in the neighborhood of the point oo we have the local coordinate t~^ . Set 
0('2i) = g ® C((t — Zi)) and g(oo) = g ® C((t^-^)). Let qn be the extension of the Lie 
algebra Q{zi) ® g(oo) by a one-dimensional center CK whose restriction to each 

summand Q{zi) or g(oo) coincides with the above central extension. The Lie algebra 
gAT naturally acts on the tensor product 

V{ao,a^=Va,^...®Va,®Va^; 

in particular, K acts as the identity. 

Let g(2.) = g2i,...,2jv be the Lie algebra of g-valued regular functions on P^\{zi, . . . , 
zm, co} (i.e. rational functions on P^, which may have poles only at the points zi, . . . , z^r 
and oo). Clearly, such a function can be expanded into a Laurent power series in 
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the corresponding local coordinates at each point Zi and at oo. Thus, we obtain an 
embedding 

TV 

5(^0 ^ 05(^*) ©0(oo)- 

i=l 

It follows from the residue theorem and formula (|4.5j) that the restriction of the central 
extension to the image of this embedding is trivial. Hence this embedding lifts to an 
embedding 0(2,) qm- 

Denote by H^Xi),Xao space of coinvariants of ^{\i),x^ with respect to the action 
of the Lie algebra 0(^.)- By construction, we have a canonical embedding of the finite- 
dimensional representation Vx into the module V^: 

X G Va ^ 1 «) X G Va, 

which commutes with the action of q on both spaces (where g is embedded into q as 
the constant subalgebra). Thus we have an embedding V(Aj),Aoo ~ ^(Aj) ^ ^Xoo i^^o 
V(A.),Aoo- ^i^^ same notation V(^Xi),Xoa image of this embedding. 

Denote by V"^^ ^ the subspace of G-invariants (equivalently, g-invariants) in V(Aj),Aoo 
with respect to the diagonal action. 

Lemma 4.2 ( |FFR,j . Lemma 1). The composition of the embedding a ■) A ^ ^(Ai),Aoo 
and the projection V(Ai),Aoo ~^ ^{x,),Xoc. ^'^ isomorphism. 

Let Vo be the representation of g, which corresponds to the one-dimensional trivial 
g-module Vq ; it is called the vacuum module. Denote by vq the generating vector of Vq . 
We assign the vacuum module to a point u which is different from zi, . . . , zn, 00. 
Denote by -f^((A,),Aoo,o) ^^e space of g(2,j),n~iiivariant functional on V(Aj),Aoo '^^0 with 
respect to the Lie algebra Q[zi),u- Lemma 14.21 tells us that the composition of the 
embedding V^^^^^^ (givo ^ '^{x,),Xoo and the projection V(a,)_Aoo ^/'((a,),Aoo,o) 
is an isomorphism. 

Let V be an arbitrary vector in Vq- ^ov any x G ^( a ) a consider the vector x (8) f G 
V(A;),Aoo Vq. By Lemma E21 the projection of this vector onto ff((Ai),Aoo,o) is equal 
to the projection of a vector of the form (^'^(u) • x) (g) vq, where ^^(n) • x G V(a.)^Aoo- 
Thus we obtain a well-defined linear operator ^'^(n) on V(Ai),Aoo corresponding to any 

G Vo and any point u G P"^\{zi, . . . , zn, 00}. 

For A G Q and m G Z, denote by Am the element A (g) G g. Now introduce the 
following Segal-Sugawara vector in Vq: 

1 

(4.6) S = -Y,Ja,-iriVo. 

a=l 

This vector defines a linear operator ^'^(n) on V"(Ai),Aoo- 

Denote by A(A) the scalar by which the Casimir operator A acts on Vx- 

Proposition 4.3 f jFFRj .Prop. 1). We have 

i=l * 2=1 ^ ^' 
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where the Sj 's are the Gaudin operators (|4.1|) . 

Now consider the subspace 3(0) of all -invariant vectors in Vq. One checks that 

Proposition 4.4 ([FFEj, Prop. 2). For any Zi,Z2 G 3(0) and any points ui,U2 
G P^\{2;i, . . . , zn, 00} the linear operators ^'zi(^i) and 'I'^2(u2) commute. 

Taking the coefficients in the expansions of the operators of the form ^ziu) at 
zi, . . . ,zn we obtain a family of commuting linear operators on V^,^ ^ which includes 
the Gaudin hamiltonians. It is natural to call them the generalized Gaudin hamiltoni- 
ans. 

4.3. The center of Vq and — opers. In order to describe the algebra of generalized 
Gaudin hamiltonians and its spectrum we need to recall the description of 3(g) from 
[FF3llF2j . 

First, observe that each element v of 3(g) gives rise to an endomorphism of Vq 
commuting with the action of g which sends the generating vector vq to v. Conversely, 
any g-endomorphism of Vq is uniquely determined by the image of vq which necessarily 
belongs to 3(g). Thus, we obtain an isomorphism 3(g) ~ End'g(Vo) which gives 3(g) an 
algebra structure. The opposite algebra structure on 3(g) coincides with the algebra 
structure induced by the identification of Vq with the algebra C/(g (8) t~^C[t~^]). 

The realization of 3(g) as Endg(Vo) allows us to interpret the action of 3(g) on V^ ~^ ^ 

as follows. We identify -ff(Ai),Aoo,o with V^,^ ^ . By functoriality, any endomorphism 
of Vq gives rise to an endomorphism of H(^x-^ x^ q, and hence of V^^ -j ^ . In particular, 
we see immediately that the map ^ : 3(g) End V^^ -j ^ is an algebra homomorphism 
with respect to the algebra structure on 3(g) that we introduced above. 

Let DerO = C[[t]]5t be the Lie algebra of continuous derivations of the topological 
algebra = C[[t]]. The action of its Lie subalgebra Dero = tC[[t]]5t on exponen- 
tiates to an action of the group Aut of formal changes of variables. Both Der and 
Aut naturally act on Vq in a compatible way, and these actions preserve 3 (g) . They 
also act on the space Oplq{D) of ^G-opers on the disc D = SpecC[[t]]. 

Denote by FunOpL(^(Z?) the algebra of regular functions on Oplq{D). In view 
of Lemma 12.11 it is isomorphic to the algebra of functions on the space of ^-tuples 
{vi{t), . . . ,V£{t)) of formal Taylor series, i.e., the space C[[t]]^. If we write Vi{t) = 
Yln>o '^i,n't'^-, then we obtain 

(4.7) Fun O^LciD) ~ CK,„]i6/,„>o. 

Note that the vector field —tdt acts naturally on Oplq{D) and defines a Z-grading on 
FunOpLc(-D) such that degVi^n = di+n + 1. The vector field —dt acts as a derivation 
such that -dt ■ Vi^n = -{di + n + \)vi^n+i- 

Theorem 4.5 ( |FF3[ lF2] ). There is a canonical isomorphism 

3(g) - Fun OpLGp) 
of algebras which is compatible with the action o/DerO and AutO. 
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The module Vq has a natural Z-grading defined by the formulas deg vq = 0, deg = 
— n, and it carries a translation operator T defined by the formulas Tvo = 0, [T, J°] = 
—nJ^_i. Theorem l4.5l and the isomorphism (|4.7|) imply that there exist non-zero vectors 
Si G Vo of degrees di + l,i £ I, such that 

= C[T''Si]iei,n>oVo. 

Then under the isomorphism of Theorem 14.51 we have Si i— > Vi^, the Z-gradings on 
both algebras get identified and the action of T on 3(g) becomes the action of —dt on 
FunOpL(^(Z)). Note that the vector 5i is nothing but the vector H4.6|) . up to a non-zero 
scalar. 

Recall from jFBj that Yq is a vertex algebra, and 3(g) is its commutative vertex 
subalgebra; in fact, it is the center of Vq. Consider the corresponding enveloping 
algebra U{^(q)) as defined in |F2j . It is shown in F2 that U{],{q)) is isomorphic to 
the algebra of functions on the space Oplq{D^) of ^G-opers on the punctured disc. 
Moreover, U{^(g)) is the center Z(g) of the completed universal enveloping algebra of 
g at the critical level (see |BD1) ). For each integral dominant weight A we have a 
homomorphism FunOpLQ^D^) ~ Z(q) EndgVA- The following result is proved in 

m- 

Theorem 4.6. The homomorphism FunOpL(^(D^) — > EndgV^ is surjective. More- 
over, it identifies EndgV^ with the algebra FunOpLQ{D)x so that this homomorphism 
becomes the natural surjection FunOpLQ{D^) FunOpLQ{D)x induced by the embed- 
ding Oplg{D)x ^ OpLciD''). 

In particular, if A = we obtain the statement of Theorem 14. 51 because Endg(Vo) = 

4.4. Eigenvalues of the generalized Gaudin hamiltonians and opers. Now 

suppose we have an eigenvector A G Vff ^ , of the generalized Gaudin hamiltoni- 

ans. The action of 3(g) on it defines, for any n G P^, a homomorphism 3(g) ~ 
FunOpLQ{Du) — > C, i.e., a ^G-oper on Du. Let us denote this oper by 

The following theorem asserts that these opers on the discs for different values of u 
are restrictions of one and the same regular ^G-oper on P^\{zi, . . . , zn, 00}. Moreover, 
this oper has regular singularities at zi, . . . , zn, 00 with residues — Ai — p, . . . , — 

— Aoo — /O at those points, and it has trivial monodromy. 

Theorem 4.7. The ^G-opers i]a,u on Du corresponding to the eigenvalues of the gen- 
eralized Gaudin hamiltonians on A £ ) a ^'"^ restrictions to the respective discs of 
a unique (regular) ^G-oper rjA on F^\{zi, . . . , zn, 00}. Moreover, the oper r]A belongs 
to the space OpiQ(P^)(2,j),oo;(Aj),Aoo • particular, it has trivial monodromy representa- 
tion. 

Proof. We will give first an abridged version of the proof and then explain the details. 

In |FBj we defined, for any quasi-conformal vertex algebra V, a smooth projective 
curve X, a set of points xi, . . . , G X and a collection of ^/-modules Mi, . . . , Mjv, the 
space of coinvariants Hv{X, (xi), (Mj)) and its dual space, the space of conformal blocks 
CviX, (xj), (Mi)). This construction (which is recalled below) is functorial: 'dW ^ V 
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is a homomorphism of vertex algebras, then we have natural maps H]y{X, (xi), (Mi)) — > 
HviX, {x^), (Mi)) and Cy(X, (x,), {Mi)) ^ Cw{X, {xi), (Mi)). 

In the case of the vertex algebra Yq associated to the affine Kac-Moody algebra g, 
the curve P"^, the points ^i, . . . , ^tv, oo and the modules Va^, • • • ,Yxj^,Yx^, the space of 
coinvariants is nothing but the space H(^Xi),Xoc,^ which we have identified with V^ -^ ^ 
in Lemma 14.21 

The subspace 3(0) of 0[[i]] -invariant vectors in Vq is a commutative vertex subalgebra 
of Vo; in fact, it is the center of Vq (see |FBj ). The embedding 3(g) — > Vq then gives 
rise to a map 

Applying the results of |FBj . Sect. 8.4, (as explained below) we obtain that each 
eigenvector A of the generalized Gaudin hamiltonians in V"^^ ~ H(^Xi),x^ gives rise 
to a character (i.e., an algebra homomorphism) 

FunOpLG{^^\{zi,...,ZN,^}) ^C, 

i.e., to a ^G-oper on P-'^\{zi, . . . , z^, 00}. This is precisely the ^G-oper rjA that we are 
looking for. Next, we apply Theorem 14.61 to show that 7]a actually belongs to the space 

Oplg(IF'^){^,).«=;(a,),Aoo- 

Let us now explain all of this in detail. First, we recall the definition of the space 

of conformal blocks from |FBj . Ch. 8. For that we will need a coordinate-independent 

description of the structure of a module over a vertex algebra given in jFBj . Ch. 5 and 

Sect. 6.3.9, where we refer the reader for more details. 

Let X be a smooth algebraic curve and Autx be the principal Aut 0-bundle over X 

whose fiber Autx at x € X is the space of formal coordinates at x. Let y be a quasi- 

conformal vertex algebra (see |FBj . Sect. 5.2.4). It then carries an action of Aut 0. We 

define a vector bundle V = Vx on as the twist Autx x V. This bundle carries 

Auto 

a (flat) connection. If we choose a coordinate t and trivialize Autx and V using this 
coordinate, then the connection operator reads V = (9t + T. 

Let M be a ^-module which carries an action of Derg = tC[[t]]5t compatible with 
that of V such that the action of —tdt is semi-simple and the eigenvalues belong to the 
union of the sets where {kj} is a finite set of complex numbers. The action of the 

Lie algebra Der+ = t^C[[t]](?j on M may be exponentiated to an action of the group 
Aut+ consisting of the formal coordinate changes of the form z 1— > z + z^(. . .). Let 
us fix a non-zero tangent vector r at x and consider the Aut+ 0-torsor Ax^t consisting 
of all formal coordinates at x whose one-jet is equal to r. We define the twist = 
Autx T X M of M at X G X. 

' Aut+ 

Let us pick a formal coordinate tx at x whose one-jet is equal to r. We use this 
coordinate to trivialize V|£)^ and "Mx and to define an EndM^-valued section of 
V*|j-,x as follows. The value (93, • v) of this section on v G ~ M, G M* ~ M* 
and the constant section sa of V\d^ corresponding to the vector A V with respect 
to our trivialization, is equal to {(p,Y^ {A,tx)v). It is proved in |FBj that the section 
is well-defined, i.e., independent of the choice of the coordinate tx- Moreover, this 
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section is horizontal with respect to the connection on V* which is the transpose of the 
connection V on V (see |FBj . Theorem 5.5.3). 

Let xi, . . . , xat be a collection of distinct points on X. We will fix once and for all a 
non-zero tangent vector Tj at Xj for each i = 1, . . . , N . The space of conformal blocks 
Cv{X, (xj), (Mi)) is by definition the space of linear functionals ip on Mi^xi^- ■ ■^^n,xn 
satisfying the following condition: for any Ai E 'M.i,Xi ; ^ = ■ ■ ■ there exists a regular 
section of V* on X\{xi, . . . , x^v} such that for alH = 1, . . . , its restriction to D^. is 
equal to 

((^, Ai (g) . . . O ■ (g) . . . (g) An). 

This regular section is then automatically horizontal. This section may be constructed 
explicitly as follows. In |FBj . Theorem 9.3.1, we established, for all y £ X,u ^ Xj, an 
isomorphism 

Cv{X, (x,), (M,)) ~ CviX; {xi),u; (Mi), V). 

This means that the space of conformal blocks does not change if we insert the vac- 
uum module ^ at a point n £ X different from all the Xj's; note that we have con- 
sidered in Section 14.21 a special case of this isomorphism. Let (p be the functional 
in CviX; {xi),y; {Mi),V) corresponding to G Cy(X, (xj), (Mj)) under this isomor- 
phism. Then the value of our section at y € X on an element ^ € Vy is precisely equal 
to Ai (g) . . . (g)ylAr (g) A). 

Now we set V to be the affine Kac-Moody vertex algebra Vq, X = F^, with the 
marked points zi, . . . , , oo, and take as the modules attached to these points the 
Weyl modules Va^, • • • , Va^, Va^^. Our global coordinate t on gives rise to the 
coordinate t — Zi at each point Zi and the coordinate at oo. Hence we obtain an 
identification of '^x^^Zi with Va^- It is proved in |FBj (see Theorem 8.3.3 and Remark 
8.3.10) that the corresponding space of conformal blocks is the space of gj-^^) -invariant 
functionals on V(Aj),Aoo' i-^-' dual space to H(^Xi),Xoo- 

Let (/9 be a linear functional on V(Ai),Aoo • -^^^ each vector j4i(g. . .(gylAr(gyloo G V(a,),Aoo 
we then obtain a section 

(4.8) {ip,Ai®...^ y ■Ai(g)...^AN0 Aoo) 

of Vq pi l^x for all i = 1, . . . , A^, and likewise at the point oo. According to the above 
discussion, the functional (p is Qi^^.^Auvaviant if and only if the above sections are 
restrictions to the respective punctured discs of a single rational section of V* pi with 
poles only at the points zi,...,Z]sf and oo, which is horizontal with respect to the 
connection V. Moreover, the value of this section at u G P^\{2;i, . . . , z^, oo} may be 
obtained as explained above, by inserting Vq at u. 

For any eigenvector A of the Gaudin hamiltonians in a ■) A ~ -^(Ai),Aoo' there is a 
linear functional on H(^Xi),\oo^ taking a non-zero value on A, which is an eigenvector of 
the transposed Gaudin operators and has the same eigenvalues. We view this functional 
as a conformal block. Then it satisfies the above condition, namely, that the sections 
(|4.8j) are restrictions to the respective punctured discs of a single horizontal section 
of V*pi that is regular on F^\{zi, . . . , zi\f,oo}. We will denote this section by s^p. 
Evaluating on an arbitrary section of Vg pi , we obtain a rational function on with 
poles at zi, . . . , zn, oo. 
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Consider the subbundle Zpi of Vg^pi obtained by twisting 3(0) C Vq. The fiber Zu 
of Zpi at n G is just the algebra of functions on the space Oplq{Du) of ^G-opers 
on Du- Therefore Zpi is nothing but the algebra of functions on the scheme Oplq{X) 
of jets of ^G~opers on P^, whose fiber at w G is the space Oplq{Du)- This scheme 
carries a natural connection and the corresponding connection on Zpi coincides with 
the connection V described above. Note that horizontal sections of Oplq{F^) over 
[/ C P^ are the same as the regular ■'"G-opers on U. 

We now evaluate on sections of Zpi. According to our construction of Section 1^21 
the value of onv G Zu at the point u G P^\{zi, . . . , zjy, 00} is precisely the eigenvalue 
of the generalized Gaudin hamiltonian ^v{u) on our eigenvector. Moreover, these 
eigenvalues are multiplicative with respect to the commutative algebra structure on 
the bundle Zpi, which is inherited from that on 3(0). Therefore these eigenvalues 
define an algebra homomorphism Z.„ — > C for all u G P^\{2;i, . . . , zn, 00}. This is the 
same as an algebra homomorphism from the sheaf of algebras 

~FunOpLG(pi\{zi,...,Z7v,oo}) 

to C (considered as the constant sheaf over P^\{2;i, . . . , zjy, 00}). Moreover, according 
to the general results on conformal blocks (see above), this homomorphism must be 
horizontal. But such a homomorphism is the same as a horizontal section of the bundle 
Oplq{F^) of jets of ^G-opers on P-'^\{zi, . . . ,zn,oo}, which is the same as a regular 
^G-oper on F^\{zi, . . . , Z]\f,oo}. This is the desired oper rjA- By construction, its 
restriction to for each u G P^yjzi, . . . , zn, 00} equals to the ^G-oper on Du which 
records the eigenvalues of the generalized Gaudin hamiltonians corresponding to the 
point u. 

Let us now look at the restrictions of the oper rjA to the punctured discs around 
the points zi,...,zn and 00. By definition of the section s<^, these restrictions are 

equal to the sections (|4.8j) . where the vertex operations y^^' and are restricted 

to 3(0)2; and 3(0)00 (which are the twists of 3(0) by Autz^ and Autoo, respectively). 
Each section gives rise to a homomorphism ZCq)^^ — > C, and hence to a point in 
Spec Z(Q)zi = Oplq{D^.). But we know from Theorem 14.61 that the action of the 
center Z(q) on Yx factors through the algebra of functions on Oplq{D)x- Therefore 
this point belongs to Oplq{DzJx^ C Oplq{D^J. Hence we find that the restriction of 
our ^G-oper on P-'^\{zi, . . . , zn, 00} to the disc D^. (resp., D^) belongs to OpLQ^D^Jxt 
(resp., Oplg{Doo)x^)- Therefore this oper belongs to OpLGi^'^){z,),oo;{x,),x^, which is 
what we wanted to prove. □ 

In more concrete terms, the oper r]A may be described as follows. From the descrip- 
tion of 3(0) we know that all eigenvalues are encoded in the rational functions vf-{u) 
which are the eigenvalues of the operators {u),i = 1, . . . ,i, on A. The corresponding 
^G-oper connection then reads (with respect to our trivialization of 3" and the global 
coordinate t on P^) 



(4.9) 



V = ^t+P-l + Y,vfii)P^■ 
^eI 
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4.5. Completeness of the Bethe Ansatz. According to Theorem 14.71 each point 
in the spectrum of the generahzed Gaudin hamiltonians occurring in ^ ■) A (i-^-i ^ 
collection of joint eigenvalues of these operators on V^.-^ ;^^) is encoded by a ^G-oper on 
with regular singularities at zi, . . . , z^r, oo which has trivial monodromy. Moreover, 
two different points of the spectrum give rise to different opers. Thus, we obtain the 
following 

Corollary 4.8. There is an injective map from the spectrum of the generalized Gaudin 
hamiltonians on V^.^ x counting multiplicities) to the set OpLGr(P^)(2.)^oo;{Ai),Aoo 

of ^G-opers on with regular singularities at zi, . . . , Z]\f,oo which have trivial mon- 
odromy. 

On the other hand, suppose that we are given a ^G-oper r in OpLQ{¥^)(^Zi),oD;{Xi),Xao- 
Consider the (unique) Miura oper structure on it for which the horizontal Borel re- 
duction coincides with the oper reduction at the point oo. Suppose that this Miura 
oper satisfies the conditions (1) and (2) from Section i.e., it belongs to the space 
M0p(7(P^)f'''^ - - . Then we will call r a non- degenerate oper. 



According to Theorem 18.21 there is a bijection between the points of the space 
MOpr^fP^lf'^'! ,r , r and the set of solutions of the Bethe Ansatz equations. Note 

that we have switched to the Langlands dual group ^G, and so these equations are 
given by formula 1)4. Our Miura ^G-oper, for which the horizontal Borel reduction 
coincides with the oper reduction at the point oo, gives rise to a unique solution of 
equations 1)4. 3() which satisfies the condition ()4.4() . We will refer to it as the special 
solution corresponding to the non-degenerate ^G-oper r from OpL(5(P^)(^^) oo;(Ai),Aoo- 

According to ProDosition l4.11 we associate to this special solution of the Bethe Ansatz 
equations an eigenvector of the Gaudin hamiltonians by formula 1)4. 2|1 . Let us denote 
this eigenvector by Vr- 

A natural question is what are the eigenvalues of the generalized Gaudin hamil- 
tonians on Vr- By Theorem 14.71 these eigenvalues are encoded by a ^G-oper in 
0pig(P^)(2.)^c>o;(A,),Aoo • surprisingly, the answer is that this oper is r itself (see 

[TFR] . Theorem 3): 

Proposition 4.9. The eigenvalues of the generalized Gaudin hamiltonians acting on 
the Bethe eigenvector Vr constructed from the special solution of the Bethe Ansatz 
equations corresponding to t G OpLQ{F^)(^z^),oo;{\i),Xoo ^'"^ encoded precisely by the ^G~ 
oper T. 

Thus, the ^G-oper on P^ corresponding to the eigenvalues of the Gaudin hamiltoni- 
ans on a given Bethe vector (|4.2|1 may be found by applying the Miura transformation 
(see Section 1231 to the ^//-connection 

N , m 

^t-Zi ^t-Wi' 
i=l j=l J 

where tui, . . . , Wm satisfy the Bethe Ansatz equations 1)4. 3(1 and the condition 1)4. 4() . For 
example, in the case of st^, the PGL„-oper is nothing but an nth order differential 
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operator (|2.1()j) . and the Miura transformation has the form (|2.2())) . So we need to write 

N , m n 

where we identify the dual Cartan subalgebra of sl„ with the hyperplane X]fc=i Cfc = 
of the vector space span{efc}fc=i^...^„. Then the corresponding PGL^-oper is given by 
formula H2.2U() . One obtains similarly the opers for other simple Lie algebras of classical 
types. 

Let us assume from now on that all ^G-opers in 0pL(j(P^)(2-) oo;(Ai),Aoc non- 
degenerate.^ Then to each ■'"G-oper r in OpLQ{¥^)(^Zi),oo;{\i),Xac corresponds a special 
solution of the Bethe Ansatz equations and hence a Bethe vector v-r- If all Bethe 
vectors Vr are non-zero, then we obtain an inverse map to the map of Corollary 14. 8( 
which assigns to r € OpLQ{f^)(^Zi),oo;{Xt),Xac point in the spectrum corresponding to 
the eigenvector Vr (note that a priori it could happen that there are other eigenvectors 
with the same eigenvalues r). This leads us to the following result. 

Proposition 4.10. Suppose that all ^G-opers in OpLQ{¥^)(^Zi),oD;{Xi),Xao ^''^ non-dege- 
nerate and that all Bethe vectors obtained from solutions of the Bethe Ansatz equations 
(|4.3jl satisfying the condition (|4.4j) are non-zero. Then there is a bijection between the 
spectrum of the generalized Gaudin hamiltonians on V^f^.-^ (not counting multiplici- 
ties) and the set OpLQ{¥'^)(^Zi),oo;{Xi),Xoo of ^G-opers on with regular singularities at 
zi, . . . , zisf, oo which have trivial monodromy. 

Moreover, if in addition the Gaudin hamiltonians are diagonalizable and have simple 
spectrum on V^ s^ ^ , then the Bethe vectors constitute an eigenbasis of V^_^ ^ . 

The last statement of this proposition that the Bethe vectors constitute an eigenbasis 

ihe Ai 

(Ai),Ao 



of V,9:. ^ is referred to as the completeness of the Bethe Ansatz (sometimes complete- 



(A,), A 

ness is taken to mean that the Bethe vectors span Vj.^-, y^^, but we use this term to 
mean that they form an eigenbasis) 

For g = 5I2 and generic values of the Zj's it was proved by Scherbak and Varchenko 
in |SVj (see also |RVj ) that the Bethe vectors are all non-zero. It also follows from 
|SVj that in the case of 5l2 all opers are non-degenerate when zi, . . . , zjy are in generic 
position. Hence we obtain a bijection between the spectrum of the Gaudin hamiltonians 
on V^'Jf)';,^ and the set OppaL^ir^){z, ),oo;(Ai),Aoo -^^^ generic Zj's. Moreover, Scherbak 
|Slj has shown that the eigenvalues of the Gaudin hamiltonians have no multiplicities 
on the Bethe vectors for generic Zj's, so we obtain the completeness of the Bethe Ansatz 
as well. 

We note that the completeness of the Bethe Ansatz has been previously proved for 
= s[2 and generic values of zij.-.jZn by Varchenko and Scherbak |SVj by other 
methods. In addition, it follows from the results of Mukhin and Varchenko |MVj and 
Scherbak |S2]| that for q = sin the number of points of OppQi^^{F^)(^zi),oo;{Xi),Xoc less 

Q T 

than or equal to the dimension of V^y^_^^ . 

\t follows from the results of Mukhin and Varchenko in |MV2) that for some Ai, . . . , Ajv, Aoo this 
may not be the case even for generic values of zi, . . . , zjv. 
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In the general case we have the followmg conjecture. 

Conjecture 1. For generic values of z\,...,zm the generalized Gaudin hamiltonians 
are diagonalizable on V^_^ ^ and have simple spectrum, and the Bethe vectors corre- 
sponding to the solutions of the Bethe Ansatz equations ()4.3() are all non-zero. 

If the statement of Conjecture ^ is true and all -^G-opers in OpLQ{F^)(^Zi),oo;{\i),Xoc 
are non-degenerate, then we obtain from ProDosition l4.1Ul the completeness of the Bethe 
Ansatz and a bijection between the spectrum of the Gaudin hamiltonians, counted with 
multiplicity, and the set Oplg{^'^){z,),oo-{x,),x^- 

Suppose now that there are degenerate opers in OpLQ{F^)(^Zi).oo;{Xi).Xac- Consider 
again the unique Miura oper structure on one of the degenerate opers for which the 
horizontal Borel reduction coincides with the oper reduction at the point oo. According 
to Theorem 13.11 this Miura oper corresponds to a connection in Conn(P^)(2.) oo;(Ai),Aoo 
which has the form (|3.1|) : 

(4.10) g^_f2y^ix^ + P)-P_f^y'M-p 

. -I t Zi . t Wj 

1=1 j=l ■' 

for some Ui ,y'j satisfying the relation 1)3. 2|1 with y^o = wq : 
N m 

^{yi{\i + p)- p) + ^{y'jip) - p) = -wq{\oo)- 
i=i j=i 

The fact that r is not generic means that either some of the elements yi are not equal to 
1 or some of the elements y'j have lengths greater than 1 (i.e., are not simple reflections). 
We expect that if zi,. . . ,ziy are generic, then for every r G 0plq(P^)(2.) oo;(Aj),Aoo 
have yi = 1 for all i = 1, . . . , in formula 1)4. 10() . In other words, we expect that for 
generic zi, . . . , zn this Miura oper still satisfies condition (1) from Section but may 
not satisfy condition (2), that is at least one of the y'j's is not a simple reflection. 

Then we can still attach to the connection 1)4. 10() an eigenvector of the generalized 
Gaudin hamiltonians in ^( a ) a generalizing the procedure of |FFRj . We expect 
that for generic zi, . . . ,Z]\f all of these vectors are non-zero and that they provide an 
eigenbasis for the generalized Gaudin hamiltonians in a ■) A • more on this, see 
Sect. 5.5 of |F3l. 



5. Opers and Bethe Ansatz equations for arbitrary Kac-Moody algebras 

In this section we generalize some of the results of the previous sections to the 
situation where g is an arbitrary Kac-Moody algebra. One can easily write down the 
Bethe Ansatz equations in this general setting and try to describe the set of solutions 
of these equations. We show that, just as in the case of a simple finite-dimensional Lie 
algebra, this set is an open subset of the (ind-)flag variety of q. For that we introduce 
the notions of opers and Miura opers for an arbitrary Kac-Moody algebra and show 
that the set of solutions of the Bethe Ansatz equations is an open and dense subset in 
the set of Miura opers on the projective line with prescribed residues at marked points 
(as in the finite-dimensional case). 
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5.1. Opers and Miura opers for general Kac-Moody algebras. Let g be the 

Kac-Moody algebra associated to a Cartan matrix A of size i x i (not necessarily 
symmetrizable) and f) be its (extended) Cartan subalgebra of dimension i+d, where i—d 
is the rank of A. We use the same notation as before for coroots and roots of g, which are 
vectors in and f)*, respectively. We have the Cartan decomposition g = n+ © f) ©n_, 
and the generators {ei}i=i^,,,/ and {fi}i=i,.../ of n_|_ and n_, respectively. The Lie 
subalgebra n_ has a natural descending filtration by Lie ideals of finite codimension. We 
consider its completion with respect to this filtration and the corresponding completion 
of 0. Prom now on we will use the symbols n_ and g to denote these completions. 

For example, in the case of untwisted affine algebras, the completed Lie algebra g 
has the form g((t~"'^)) CK © Cd, where g is a finite-dimensional simple Lie algebra, 
K is the central element and d is the vector field tdt- 

Let G be the algebraic group associated to g in |Kaj . If g is infinite-dimensional, 
then G is not a group scheme, but a group ind-scheme. We denote by G the quotient 
of G by its center (which belongs to the Cartan subgroup of G corresponding to the 
Lie subalgebra f)). It comes with the lower unipotent and Borel subgroups and 
B- (which are proalgebraic groups) corresponding to n_ and b- = [)/c © n_, respec- 
tively, and the upper unipotent and Borel subgroups and (which are group 
ind-schemes) corresponding to n+ and b+ = f)/c © n+, respectively (here c is spanned 
by those elements x of f) that satisfy {ai,x) = 0,i = !,...,£). We denote by H the 
intersection n -B_. It is isomorphic to Bj^/Nj^ and to B^/N^. 

We wish to define the spaces of G-opers and Miura G-opers on X (which is again a 
smooth curve or a disc or a punctured disc). 

First we need to introduce the notion of a G-bundle on X and a connection on such 
a bundle. A G-bundle on X is an ind-scheme 3^ over X equipped with fiberwise simply 
transitive action of G, which is locally trivial in the Zariski topology. This means that 
X may be covered by Zariski open subsets Ui such that the restriction of 5" to each 
Ui is isomorphic to the trivial bundle Ui x G. Two such trivializations differ by a 
morphism Ui ^ G called the change of trivializations. IfU = Spec-R, then the changes 
of trivializations on U form the group G{R). 

To define a connection on a G-bundle it suffices to define the notion of a connection 
on the trivial G-bundle on an affine curve X = Spec R and explain how to act on these 
connections by the changes of trivialization. Without loss of generality we may assume 
that we are given an etale coordinate t : X — > on X. Let dt be the vector field on 
X induced by a fixed translation vector field on A^. Then a connection on the trivial 
bundle is by definition an operator V = dt + A{t), where A{t) £ q{R)- If G G{R) is a 
change of trivialization, then it acts on V by the usual formula 

V^dt + gA{t)g-' -{dtg)g-\ 

Under a change of coordinates t = (p{s) the operator V transforms in the usual way: 

V^ds + ip'{s)A{^{s)). 

It is easy to render this definition into the setting of analytic topology. 
We will say that a connection V on 5" gives rise to a trivialization of 3' over X if 
there is a trivialization of 3' over X with respect to which V = dt- 



44 



EDWARD FRENKEL 



Note that for ind-groups, such as G, a connection does not necessarily give rise 
to a triviahzation of 9", even locally analytically. The usual correspondence between 
connections on G-bundles and local trivializations of the G-bundles does not exist 
in this case, because we do not have the exponential map from the Lie algebra g to 
the group G (though this correspondence exists if X is a formal disc). However, in 
what follows we will consider Miura opers which carry a reduction to the proalgebraic 
group B- preserved by the connection. In this case a connection does give rise to local 
analytic trivializations of the underlying i?_-bundle, and hence the G-bundle as well. 

The definition of G-opers is similar to the definition given in Section 12.11 in the 
finite-dimensional case. 

A G-oper on X is a triple (3", V, 3'b+), where J" is a principal G-bundle J" on X, V 
is a connection on 9" and 3^b+ is a -reduction of 9", such that locally, with a choice 
of a coordinate t and a triviahzation of 3'b^ , the connection operator has the form 

e 

(5.1) V = dt + ^Mt)fi + ^{t), 

i=l 

where each '0i(O is a nowhere vanishing function, and v(t) is a b^-valued function. We 
denote the set of G-opers on X by Opq{X). 

The changes of triviahzation amount in this case to the gauge action by 5+ , so when 
X = SpecR is affine, a G-oper is a gauge equivalence class of operators ()5.1() . where 
v{t) G b+(i?), with respect to the group of gauge transformations by B^{R). This is 
the same as an N^{R) gauge equivalence class of operators of the form 

(5.2) v = 5t+p_i+v(t), v(t)Gb+(i?), 

where, as before, p-i = fi- 

Next, we give the definition of Miura G~opers. A Miura G-oper on A" is a quadruple 
,3^B+,3^B-), where ,3^b+) is a G-oper on X and 9"b_ is a i3_-reduction of 
IF which is preserved by V. We denote the set of Miura G-opers on X by MOpq{X). 

In the case when g is finite-dimensional, this definition is equivalent to our old 
definition from Section f2. 41 Indeed, is conjugate to B^. Therefore a S_-reduction 
3^B_ gives rise to a i?+ -reduction S'b-Wq, which is preserved by the connection. We 
may then take this i3+ -reduction as the reduction 3^'b^ of our old definition. But in 
the infinite-dimensional case the groups -B+ and B- are not conjugate to each other 
(in fact, one of them is not even a group scheme but a group ind-scheme) and there 
is an essential difference between asking for a horizontal i?+ -reduction or a horizontal 
S_ -reduction. 

In fact, for the purposes of the present paper it is essential that the horizontal 
reduction be to a proalgebraic subgroup i?_ and the oper reduction be to an ind- 
subgroup Indeed, we wish to relate our Miura opers to Cartan connections (see 
Proposition 15.41 below) . We will do this by intersecting the two reductions inside 9", so 
they need to be "opposite" to each other. Next, since the connection operators of the 
Miura opers preserve a i?_-bundle 9"b_, and B- is a proalgebraic group (not an ind- 
group), it makes sense to talk about parallel transport and horizontal sections on !3'b_ 
(and hence on the induced G-bundle 9") over an arbitrary curve. Hence we can trivialize 
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locally a G-bundle equipped with a connection and a horizontal i?_-reduction. Then 
a reduction to i?+ gives rise to locally defined maps to G/B^ which is a scheme of 
infinite type. 

If we were to switch 5+ and our horizontal reduction would be to an ind-group 
and the notion of parallel transport would only make sense over a formal disc. But 
in what follows we need to use this notion for arbitrary curves (particularly, for P^), 
and this forces us to define opers and Miura opers in this fashion. 

Remark 5.1. In |BeFrj Ben-Zvi and the author have already defined "affine opers" and 
"affine Miura opers" . However, these objects are different from the G-opers and Miura 
G-opers for an untwisted affine Kac-Moody algebra g that we consider here, because in 
|BeFrj we considered the completion of n+ rather than n_, so that g = ^((t)) ©CK©Cd 
(in the case of opers, we had also chosen in addition to the above data a reduction to 
the subgroup of G). In other words, in |BeFrj the roles of 5+ and -B_ were 

switched in the sense that in |BeFrj the group was a proalgebraic group and i?_ 
was an ind-group. □ 

Next, we define G-opers on the disc Dx with regular singularity at x following 
Section [2.31 these are the A^+((t))-equivalence classes of operators of the form 

(5.3) v = 5t + ^(j._i+v(t)), v(t) G b+[[t]]. 

Denote by Opg^(L>^) the space of opers on with regular singularity. By definition, 
it is a subspace of Opc(Z)^). 

Finally, we define, for any dominant integral coweight A S f)/c, the notion of a G- 
oper of coweight A on as an A^+(D<!a;.)-gauge equivalence class of operators of the 
form 

E 

(5.4) v = at + j;t<°-^>/i + v(t), 

i=l 

where v(t) E Denote the set of G-opers of coweight A on by 0\iQ{Dx)x C 

OvWiDx). 

5.2. Miura opers and Cartan connections. We generalize the results of Section r2.4l 

to the case of an arbitrary Kac-Moody algebra. 

Consider the flag variety G/B-. This is an ind-scheme with the ind-scheme structure 
defined as follows. As a set, G/B- decomposes into a disjoint union of S_-orbits 
parameterized by the Weyl group W of G. We denote the orbit corresponding to w 
by 5^. These orbits are finite-dimensional, and the closure of is the union of the 
orbits corresponding to the elements y €W which are less than or equal to w with 
respect to the Bruhat order on W (see |Ku) . Ch. VII, for more details). Each of these 
closures, S , has the structure of a finite-dimensional (in general, singular) algebraic 
variety. We have a collection of closed embeddings S ^ S of these varieties into 
each other corresponding to the Bruhat order. This collection defines the structure of 
a (strict) ind-scheme on G/i?_. 
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We will say that U C G/B^ is an open (resp., dense) subset if for sufficiently large 
w G VF, with respect to the Bruhat order, the intersection f/nS"" is open (resp., dense) 

The -orbits in G/B- are also parameterized by the Weyl group. We denote the 
S+ -orbit B^w~^B- C G/B- by Sw, so that Si is the open dense orbit. 

Let (3", V, 3'b+ , 3"_B_ ) be a Miura G-oper on a curve X. Then we have the following 
analogue of Lemma 12.51 

Lemma 5.2. Suppose that the oper connection V gives rise to a global trivialization 
of the bundle 3'b_ (and hence of J) on X. Then for each x € X the set of horizontal 
B --reductions of 3^ over X is canonically identified with the 3^x~twist of the flag variety 
G/B^, which coincides with its J B+,x~twists, 

(5.5) {G/B^h^ = J, X G/B^ = x G/B^ = {G/B^y 

G Bj^ 

We obtain from the second description of (G/i?-)^-^ given in formula (|5.5|) that 
{G/B-)'j^ decomposes into a union of the ,x-twists of the -orbits Sw which we 
denote by Sw^s'b x- that S'bj^^x and 3^B-,x ai^e in relative position w if 3'b-,x, 

considered as point of (G/i?_)g-^, belongs to Syj^^^B x (this agrees with the definition 
given in Section [2.41 in the finite-dimensional case). In particular, if it belongs to the 
open orbit Si^^^^ ^, we will say that "S^b+.x and 3"b_,x are in generic position. 

A Miura G-oper is called generic on U C X if the reductions 3^b+.x and of 3'x 

are in generic position for all x ^ U . We denote the set of generic Miura opers on U 

by MOpG(C/)gen. 

Consider the //-bundles S^h = 3"b+/-^+ and 3"^ = 9"^_/A^_ corresponding to a 
generic Miura oper (9", V, 3"^, 9"^) on X. Then we have the following result (compare 
with Lemma 12.71 in the finite-dimensional case): 

Lemma 5.3. For a generic Miura oper (9", V, 3"b_^ , ff's.) ihe H -bundles 3^h <ind 3"^ 
are isomorphic. 

Proof. Since 3^b+ and 3'b_ are in generic position, their intersection 3'b^ n 3'b_ inside 
3^ is isomorphic to both 3'h and 3"^. Hence we obtain that 3'h — 3"j/- D 

Since the -B_-bundle 3^B- is preserved by the oper connection V, we obtain a con- 
nection V on 3"^ and hence on 3'h- We prove, in exactly the same way as in the proof 
of Lemma 12.21 that 3^h ~ Q^, where p is the unique cocharacter ^ H such that 
{oi, p) = 1, i = 1, . . . , £. Therefore we obtain a map a from the set of MOp(^(C/)gen of 
generic Miura opers on U to the set of connections Conuf/ on the //-bundle 0,^ on U. 

Connections on are described in the same way as in the finite-dimensional case. If 
we choose a local coordinate t onU, then we trivialize and represent the connection 
as an operator dt + u(i), where u{t) is an f)/c-valued function on U. If s is another 
coordinate such that t = (/'(■s), then this connection will be represented by the operator 



(5.6) 



ds + if' {s)u{ip{s)) - p ■ 



V"{s) 
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Proposition 5.4. The map a : MOpc(C/)gen Conn^/ is an isomorphism. 

Proof. We define a map b in tlie opposite direction, similarly to the finite-dimensional 
case. Suppose we are given a connection V on the iZ-bundle Q.^ on D. We associate 
to it a generic Miura oper as follows. We set = $7'' x G,Jb+ = x B±, where we 

H H 

consider the adjoint action of -ff on G and on B^-. 

The space of connections on 9" is isomorphic to the direct product 

Connt; X 0r(C/,17"(^)+i). 

aeA 

Its subspace corresponding to negative simple roots is isomorphic to ^©^=1 Q-at^ <^R. 
Having chosen a basis element of Q-ai for each i = we now construct an 

element p_i = Yli=i /« ^5 1 of this space. Now we set V = V + p-i. By construction, 
V has the correct relative position with the -reduction 3^b+ and preserves the 
reduction 3'b_- Therefore the quadruple (If, V, 3"^^, 3"b_ ) is a generic Miura oper on 
U. We define the map b by setting b(V) = (5", V, 9"^^ , ). It is clear that this map 
is independent of the choice of the generators fi,i = and that a and b are 

mutually inverse maps. □ 

A Miura G-oper of coweight A on Dx is defined as a quadruple (9^, V, 3"_b+ , 9^_B_ ), 
where {3^,V ,3^b+) is a G-oper on which belongs to Opq{Dx)^ and 3^B- is a B^- 
reduction of 9" which is preserved by V. We denote the set of Miura G-opers of coweight 
A on Dx by MOpq{Dx)\. In particular, if A = 0, then we obtain the old definition of 
Miura opers. All of the above definitions and results can be easily carried over to the 
case of an arbitrary integral A. 

5.3. Bethe Ansatz equations and Miura opers. Now we establish a connection 
between the Bethe Ansatz equations and Miura opers on P^, following Section f3. 21 

Let us fix, as in the finite-dimensional case, a set of distinct complex numbers 
zi,...,ziy (which we will view as points of P^\oo) and a set of dominant integral 
coweights Ai, . . . , Xjy € f)/c (a dominant integral coweight is by definition an element A 
of \}/c such that {oi, A) G Z+ for alH = 1, . . . 

In what follows we will consider the Miura opers on rather than opers. The 
reason is that, as we explained above, an oper connection does not in general allow 
us to identify the nearby fibers of the oper bundle; this is because the group G is an 
ind-group. However, if in addition to an oper structure we are given a horizontal B- 
reduction ?'_b_, i.e., if we are given the structure of a Miura oper, then, because B^ is 
a proalgebraic group, we can identify nearby fibers of 9"b_ (and hence of using the 
oper connection. This makes Miura opers much easier to handle. 

Let MOpG(P^)(^^).(jv^) be the set of ah Miura G-opers {3", V, 3'b+ , 9"ij_ ) on P^ without 
the points zi, . . . , ziy,oo, whose restrictions to the punctured discs D^. around the 
points Zi belong to MOpQ{Dzi)\., and such that the restriction of the underlying oper 
to the disc around oo has regular singularity. Then the connection induced by V on 
the i?_-bundle 9"b_ is regular everywhere on A^. Since B- is a proalgebraic group, 
we obtain that the connection identifies the fibers of the bundle S'b- (and hence of 
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at all points of the affine line. Let us trivialize the fiber of at some point zq 
ofA^ Then we obtain a trivialization of the bundle over A^. The oper reduction 
3^B+ gives rise to a map (j) : ^ G/B^. Two opers underlying Miura opers from 
M0p(j(P^)^2.-j.j^j^.-j are isomorphic if and only if the corresponding maps (p differ by an 
element g G G acting on G/B^. 

On the other hand, the choice of horizontal reduction '3'b_ corresponds to the choice 
of a reduction to B- in the fiber of 3" at zq (see Lemma l5.2p . Since we have trivialized 
this fiber, the latter is nothing but a point of G/B-. Thus, we obtain that the space 
^^p'g(^^\z )-{x ) Miura opers with the underlying oper map 4> is isomorphic to 

G/B^. 

Recall that any pair of points yB^ € G/B^ and pB^ G G/B^ have a well-defined 
relative position. Namely, we will say that they have relative position w G W \i 
pB- G {yB^y~^)w^^ B-. We will say that they are in generic position if tt; = 1. 

Consider the subset {G/ B^)^ of G/B^ whose points pB^ satisfy the following con- 
ditions (as in Section IT^ : 

(1) (t){zi) is in generic position with pB^ for all i = 1, . . . , A^; 

(2) the relative position of (t){x) and pB^ is either generic or corresponds to a simple 
reflection Si gW for all x G A-'^\{zi, . . . , zn}- 

As in the finite-dimensional case, it is clear that {G/B^)(f) is an open and dense 
subset of G/B-. We claim that there is a bijection between this set and the set of 
solutions of the Bethe Ansatz equations (|5.7|) 

(5.7) ^(<^_^K:0^ , = 1,...,™. 

^ - Zi ^ Wj - Ws 

As in the finite-dimensional case, we have an obvious action of a product of symmetric 
groups permuting the points wj corresponding to simple roots of the same kind. As 
before, by a solution of the Bethe Ansatz equations we will understand a solution defined 
up to these permutations. We will also adjoin to the set of all solutions associated 
to all possible collections {oHj} of simple roots of g, the unique "empty" solution, 
corresponding to the empty set of simple roots. 
We start with the following 

Lemma 5.5. Suppose that we are given a regular Miura oper on the disc Dx such that 
'3^B+,x CLiT-d 3"b_,x o-i^g in relative position Sj. Then the oper connection on may be 
brought to the form 

rv ■ 

5t+P-i + y +u(t), u(t)G[)[[t]] 
(with respect to a coordinate t at x), where (aj,u(0)) = 0. 

Proof. First, we observe that the two reductions 3^b+ and Jb_ are in generic relative 
position on the punctured disc . Indeed, let VL^- be the lowest weight integrable 
module over g with lowest weight —oJi. Consider its two-dimensional submodule over 
the s[2 subalgebra corresponding to the ith simple root, generated by a lowest weight 
vector I'-ojj. Let v-^^j^oh = SiV-uji- By our assumption, the oper connection has the 
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form 

V = 9t+ J]/i + v(t), v(t) G b+[[t]]. 

Let <I>(t) be the unique solution of the equation V<I>(t) = such that '&(0) = 1. Such 
a solution exists by our assumption that our oper carries a horizontal i?_-reduction. 
The above statement is equivalent to the assertion that <I>(t) • v-^^^j^oh £ ^-i^JW] is 
a linear combination of weight vectors which contains the lowest weight vector f 
with a non-zero coefficient. But this follows immediately from the observation that 

This further implies, in the same way as in the proof of Proposition l2.9l that by gauge 
transformation with an element of A^+((t)) we can bring the oper connection V to the 
form 

5t+p-i + y + u(0, u(0 G f)[[t]]. 

We associate to this Miura G-oper a Miura S'-L2-oper in the same way as in Lemma f2.10l 
Following the argument used in the proof of Lemma l2.101 we find that the monodromy 
of this oper is non-trivial unless (ai,u(0)) = 0. This completes the proof. □ 

Now consider the Miura oper in MOp^(P"'^)^^.-|.^j^.'| corresponding to a point of the 
subset (G/B-)^. Then by Lemma 15.51 the corresponding connection operator may be 
brought to the form dt + P-i + u(f), where u{t) is a rational function on which is 
regular at all points other than zi, . . . , zn , and whose expansion at Zi has the form 

dt +P-1 - h reg., 

t- Zi 

and the expansion at wj has the form 

dt+p-i + h Uj(t - Wj), Uj{t - Wj) G t)[[t - Wj]], 

t Wj 

and {ai.,Uj{0)) = 0. By our assumption, our oper has regular singularity at oo, which 
implies that 

N r m ^ 

1=1 j=i 

The condition (aj^-,Uj(0)) = from Lemma 15.51 is precisely the jth Bethe Ansatz 
equation 1)5. 7|) . Thus, we obtain a map from (G/B^)^ to the set of solutions of equations 

(EH). 

Let us construct the inverse map. Given a solution of the Bethe Ansatz equations, 
we define a Miura G-oper in MOpG'(IP^)(^ ^. We set 7 = x G,3"b^ = Qp x B± 

and define the connection operator by formula (|5.8|) . Clearly, the two reductions 9'b± 
satisfy the conditions of a Miura oper. It remains to show that its restriction to the 
punctured disc at Zi (resp., Wj) belongs to MOp(^(L>^-)j^. (resp., MOpQ{Dwj)), and that 
it has regular singularity at oo. 
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The expansion at Zi of the connection (|5.8j) reads 

dt +P-1 - h reg., 

t- Zi 

which after conjugation by Xi{t — Zi)~^ becomes 

+ J](t-z,)<"'='^'>A + reg. 
k=l 

Therefore the restriction to the punctured disc at zi belongs to M0p(j(L'2-)j^. as desired. 
Next, consider the expansion at the point Wj. We find that it has the form 

cui ■ 

dt +P-1 + h Uj{t - Wj), u{t - Wj) G t)[[t - Wj]]. 

t Wj 

Moreover, we find that (aj.,Uj(0)) is given by the expression appearing in the jth 
Bethe Ansatz equation. The Bethe Ansatz equation means that (Qi.,u(0)) = 0, which 
ensures that this connection becomes regular after conjugation with exp(—eij/{t — Wj)) 
(compare with Lemma [2.1()l in the finite-dimensional case). Therefore the restriction to 
the punctured disc at Wj belongs to MOpQ{Dwj) as desired. 

Finally, using the transformation formula for the oper connection that is identical 
to the one obtained in the finite-dimensional case (see formula (|2.4j) ). we find the 
restriction of the oper (|5.8jl to the punctured disc at oo: 

(N m \ 

-^Oi^. + 2p +reg., 
i=i j=i J 

where u = t~^. Thus, it has regular singularity at oo 

Thus, we obtain a bijection between the set of solutions of the Bethe Ansatz equations 
and the union of the sets of points of open dense subsets (G/B-)^ of the flag variety 
G/B-, just as in the finite-dimensional case. Now we show that the residues of the 
connection at oo correspond to the i?_-orbits in G/B^. 

Consider the action of the group A'^-i. on G/B-. It translates into a rational action of 
on the set of solutions of the Bethe Ansatz equations. Let SL2 be the SL2 subgroup 
of G corresponding to the zth simple root and set A^q . = A^+ fl SL2 , Ba^ = B^ n . 
Note that Na^ is the one-parameter additive subgroup {exp(aei)}aGC C A+. 

Observe that the S'-L2 ^-orbits in G/B^ give us a partition of G/B^ into a disjoint 
union of ~ G/Ba^- Furthermore, if pB- is a point in the Schubert cell B-yB- C 
G/B-, then there are two possibilities. The first case is that the intersection of the 
^L^*^ -orbit passing through this point and B^yB^ is an affine line. Then l{siy) < 

l{y) and the remaining point of this ''-orbit belongs to the smaller Schubert cell 
B-SiyB^ which is in the closure of B^yB^; this point is then stable under B^.. The 
second case is that this intersection is the point pB-, which is therefore stable under 
Bai- Then l{siy) > l{y) and the remaining part of the S'Lg^-orbit belongs to the larger 
Schubert cell B-SiyB- which contains B-yB- in its closure. 
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On the other hand, the action of N^. on solutions of the Bethe Ansatz equations may 
be computed exphcitly as in Section 18.81 Namely, we find that the element exp(aei) 
acts on the connection dt + P-i + u(t) by sending u(t) to u(t) = u(t) + f{t)ai, where 
f{t) is the solution of the equation 

(5.10) f'{t) + f{tf + f{t)uiit) = 0, Uiit) = {ai,u{t)), 
with the initial condition /(O) = a. Now observe that 

(5.11) u.{t) = -y + y + y 

k=l j^S, ^ j&S, ^ 

where Si C {1, . . . , m} is the set of those j's for which ij = i. Hence ()5.1U() looks exactly 
like the corresponding equation for the action of exp(ae) on the solution of the Bethe 
Ansatz equation in the case of 5(2 corresponding to the connection dt + P-i + Ui{t), 
where Ui{t) is given by (|5.11|) . 

This solution corresponds to the situation where we have dominant coweights A^) 
of slg ^ attached to the point zj. for A; = 1, . . . , A^, dominant coweights (oj, ai-) attached 
to the points Wj with j £ {1, . . . , m}\Si, and the variables of the Bethe Ansatz equations 
are Wj,j G Si. Clearly, the Bethe Ansatz equations 1)5. 7|) with j G Si imply that these 

(i) 

tfj's, j G Si indeed solve the Bethe Ansatz equations for 5I2 in the above situation. 
Hence we find that the action of exp(aei) on our solution can be read off of the action 
of exp(ae) on the corresponding solution of the Bethe Ansatz equation for s[2. But we 
know from Corollarv 18.81 and the discussion of Section [8.81 that the latter corresponds 
to the action of the unipotent subgroup of SL2 on the flag manifold SL2/B^ = P^. 
The closure of the orbit of any solution of the SL2 Bethe Ansatz equation under the 
action of coincides with this P^. Further, it has two i?_-orbits: a point and an 
affine line. Suppose that the one point orbit belongs to the open subset of SL2/B^ of 
points corresponding to the solutions of the Bethe Ansatz equations (this will be so for 
a generic collection of points zi, . . . , zat). Using Corollarv 18.81 we find that then this 
point corresponds to the unique solution for which 

IN m \ 

(5.12) 

\ k=l j=l I 

is a non-negative integer; we denote this integer by n^. The points of the other, one- 
dimensional, cell correspond to a one-parameter family of solutions for which the num- 
ber ()5.12|) is a negative integer equal to — rij — 2. Moreover, the number 1)5.12(1 is always 
an integer and is never equal to —1. 

For any solution of the Bethe Ansatz equation call the expression 

N m 

(5.13) E^^-E«^. 

k=l j=l 

the residue of the solution at 00. Note that it can be obtained from the expansion ()5.9|) 
of the connection ()5.8|) around 00. 

The above analysis leads us to the following conclusion. 
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Lemma 5.6. LetpB^ be apoint of {G/ B-)^ which belongs to the Schubert cell B^yB^. 
Denote the residue of the corresponding solution of the Bethe ansatz equations by fioo- 
Then {ai,jloo) is an integer not equal to —1. It is non-negative if and only if l{siy) > 
l{y) and negative if and only if l{siy) > l{y). 

This lemma implies that we may set up our bijection between solutions of the Bethe 
Ansatz equations corresponding to a fixed oper and the set of points of an open dense 
subset of G/B- in such a way that the residue of the solution at oo is always equal to 

N m 

(5.14) -^ai^ = y(^oo + p) - P 

k=l 3 = 1 

for some dominant integral coweight Aqo and y € VF, and in this case the corresponding 
point of G/B_ belongs to the S_-orbit B_yB_ of G/B^. 

Consider first the simplest case when Aoo = Ylk=i ^k- Then to y = 1 corresponds 
the "empty" solution of the Bethe Ansatz equations, when the set of the wj^s is empty. 
This solution has residue "^^=1 and hence indeed corresponds to the one-point 
orbit -B_ G G/B^. Now we apply induction on the length l{y) of y. Suppose we 
have proved the result for all y whose length is less than or equal to N . Let us prove 
it for those elements whose length is + 1. Those may be written in the form Sjy, 
where Si runs over the list of all simple reflections which satisfy l{siy) > l{y)- This is 
equivalent to the following property: for any dominant integral coweight Aqo we have 
(oj, y(Aoo + p) — p) = iT-i £ Then (aj, Siy {Xoo + p) — p) = —f^i — 2- In this case the 
union of the i?_-orbits B^yB^ and B^siyB- is the union of the closures of the orbits 
■ gB--,gB~ B^yB-. Our inductive assumption and the above computation 
then shows that the solutions corresponding to the points of B^SiyB have residue 
Siy(Aoo + p) - p. 

Consider now the open subset {G/B^)^ corresponding to a general oper 0. Suppose 
that the one-point i?_-orbit B^ G G/B- belongs to this subset. Then we claim 
that the residue fioo of the corresponding solution of the Bethe Ansatz equations is a 
dominant coweight, i.e., y = 1 in formula ()5.14|) . Indeed, for each i = 1, . . . , ^ the point 

B- G G/B- is the one point -BQ,--orbit in the S'Lg ^-orbit passing through i?_ for all 
i = 1, . . . Hence it follows from Lemma 15.61 that {ai, poo) > for all i = 1, . . . ,i. 
Next, we consider the solutions whose residue belongs to the orbit of poo under the 
action of the Weyl group. Using induction on the length in the same way as above, 
we obtain that the points that belong to B^yB- n (G/i?-)^ correspond to solutions 
satisfying (|5.14|) . 

Finally, suppose that the one-point i?_-orbit B^ £ G/B^ does not belong to 
{G/B-)^. Then we pick a point of (G/B^)^ that belongs to the Schubert cell of 
the smallest possible dimension. Consider the closures of the orbits of this point under 
the action of the subgroups SL^2^. Then we consider the S'Lg ^-orbits of the points 
obtained this way, and so on. As the result, we can reach any point of G/B- in finitely 
many steps. According to ()5.6() . each time we cross from a smaller Schubert cell B^yB^ 

(i) 

to a larger one B^SiyB- via the SL2 -orbit, the residue of the corresponding solutions 
of the Bethe Ansatz equations changes from being dominant with respect to the ith 
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simple root, say, rii € to being anti-dominant —2 — rij, while the pairing with the 
roots OLj,j 7^ remains unchaged. Hence consistency with Lemma 15.61 requires that 
the solutions corresponding to the points of B^yB have residue y(Aoo + p) — P- 
Therefore we obtain the following result. 

Theorem 5.7. There is a bijection between the set of solutions of the Bethe Ansatz 
equations corresponding to the same underlying G-oper cj) and an open dense subset 
of the ind-fiag variety G/B- such that the set of solutions which satisfy (|5.14() is in 
bijection with an open subset of the B- -orbit B^yB^ C G/B^. 

We also have an analogue of Theorem 13 . II establishing a bijection between the set of 
all points of G/B^ and a certain set of connections on the -ff-bundle over of the 
form 

^ ^ yi(\i + p)-f> ^ V'j{p)-P 

* ^ t-Zi ^ t-Wi ' 

1=1 * j=i J 
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